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We study simplicial profinite groups with a view towards applications in profinite combinatorial 
group theory. This approach provides a natural framework to the concept of pro-C-presentation of 
' a pro-C-group G as a 1-truncation of its free simplicial pro-£-resolution. The category of simplicial 

pro-C-groups has closed simplicial model category structure. This yields a possibility to define 
some old and new derived functors as left Quillen derived functors from this simplicial model 
category. When C is a class of L-groups we construct free simplical pro-L-resolution functorially. 
We introduce settings of A-adic and Zassenhaus filtrations for free simplical pro-p-resolutions 
, and derive some calculations for pro-p-groups. A usage of pro-p-Curtis-Rector spectral sequences 

I helps to shed homotopical light on Golod-Shafarevitch type results. 



(N 

o 



(n: 1. BBeAGHi/ie. 

> 

^ I Saflana flaHHoii pa6oTt.i - MaKCHMajibHo pasBHTt xe Mexoflbi cHMnjiHii;Hajit.HOH xeopHH npoKo- 
' HeHHMX rpynn, Koxopbie Moryx Gbixb nojiesHbiMH b npnjiojKeHHH k sa^anaM KOM6HHaxopHoii xeo- 
■ pHH npoKOHeHHbix rpynn. B nepBon nacxn pa6oxL.i BBOflaxca CBo6oflnt.ie CHMnjiHn,Hajit.nL.ie npo-C- 
^ ■ pesojiBBenxBi, a xaxace ocnoBntie nonaxna n Mexo^ti, neoGxoflHMbie fljis flajibHeHineii paGoxti c nnMn. 
. OcoGennocxb nocxpoennn b npo-C-cjiynae cocxonx b xom, nxo onpe^^ejienne pesojibBenxbi xpeGyex 
cymecxBOBanna CW-Gasnca, Koxopbin b ^ncKpexnoM cjiynae cyn];ecxByex anpnopn corjiacno peayjib- 
xaxaM Kana [40]. Bee oexajibnbie noexpoenna, b xom nnejie peajiH3an;HJi Mexo;i,a «pas-a-pas» noexpo- 
^ ■ enna eBo6o;];HOH eHMnjiHn,HajibHOH npo-£- pesojibBenxbi, onnpaiomeroea na npon,e^ypy npnKjienBa- 
H ' HH3 KjiexoK B eHMnjiHu;Hajii>HOH npo-C-rpynne, oexaioxeH b enjie. Cnen,H(|)HKa npo-C-pesojiBBenx, nxo 
- - - eexeexBenno, eoexonx b HenojibsoBannn aaMKHyxbix nyHKXHpoBaHHbix npoexpanexB BMeexo ^nexpex- 
Hbix enexeM o6pa3yion];Hx, xax sxo eflejiano b [47]. Mti ;];oexaxoHHo no^poGno nsjiaraeM yexpoiiexBo 
eneKxpajitnoH noejie^oBaxejibnoexn KBHjijiena, nxoGbi 6l.ijio nonaxno, KaK ona pa6oxaex b ejie^yio- 
ii^eM pas^ejie. Bo Bxopon naexn flOKasbiBaexea, nxo Kaxeropna eHMnjiHu;HajibHt.ix npo-C-rpynn jibjis- 
exea saMKnyxon eHMnjiHu;Hajii>HOH Mo^ejiBHoii Kaxeropnett eo «exan^apxnL.iM» naGopoM paeejioennn, 
Kopaeejioennn n ejia6t.ix SKBHBajieHXHoexeii. Hpn 3xom, xoxa xaxon peayjitxax n anajiornnen fl^ic- 
KpexnoMy [54], fljis flOKaaaxejibexBa nenojiBsyroxea apryMenxbi, oenoBanntie na cj^axxe, hxo KajK^biii 
o6x.eKX B KaxeropHH npo-£- rpynn aBjiaexea (|)aKxopoM KorpynnoBoro o6x.eKxa. Ho^nepKneM, nxo 
BBe^eHHbie b nanajie paGoxti orpannnenna na Kjiaee € {€ - MnorooGpasne, saMxnyxoe oxnoenxejib- 
Ho paeniHpeHHn) nsGbixonnbi, x.k. naM ^oexaxonno oGeenennxb eyiu;eexBOBanHe xojibko Konenntix 
npsMbix npeflejioB n nexoxopbie xpeGoBanna, Kaeaion^neea eBoGoflHbix npo-£-rpynn [65]. B ejiynae 
npo-L-rpynn y^aexea noexponxt. eBoGo^nyio eHMnjiHn;HajiBnyio npo-L-peaojiBBenxy cJ^ynxxopnajiBno. 
JJ^ajiee oGx-aeniiexea, KaK exan^apxnbie noexpoenna nponsBo^nbix (|)ynKxopoB b ^yxe [54] npnBo^ax 
K roMOjiornsM n neKoxoptiM ^pyrnM roMoxonnneeKHM nnBapnanxaM. Xoxa, 6jiaro^apa pesyjibxaxaM 
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npeflbiflymnx pasflejiOB paSoTM, b HameM pacnopflaceHHH yace ecTb bosmojkhoctij nojiyHeHHsi ro- 
MOJiorHH rpynnt.1, OTTajiKHBaacb npjiMO ot CHMnjiHi^HajibHoii pesojibBeHTbi. Torjia KaJKexcH Bnojine 
yMecTHMM ycTanoBHTb iipaMyio cbhsb ueyKfly cboGoahbimh CHMnjiHii,HajibHbiMH pesojibBeHTaMH c ofl- 
Hoii CTopoHbi H CBo6o/j,HbiMH CKpeiii,eHHbiMH peaojiBBeHTaMH (a xax cjie/j,CTBHe c oGbihrbimh i];enHbiMH 
KOMnjieKcaMn) c flpyron. TyT mbi cjieflyeM, b ii,ejiOM, H^eflM [22, 49, 50], ycTanaBjiMBafl b neTBepTon 
nacTii cjDaKTHHecKH mocthk Meacfly CTaHflapTHoii roMOJiornHecKoii anreGpoii npoeKTHBHtix (cBoSofl- 
Hbix) G-MOflyjiem h CHMnjiHii;HajibHL.iMH MeTo;];aMH, hejihioiuhmhch ochoboh namnx nocTpoeHHH, npH 
3TOM saMKHyTocTB C pa6oTaeT b HpefljiojKeHHH 7. B HexBepTOH nacTH mm KOHii,eHTpHpyeM BHHMa- 
HHe Ha 4)HjibTpan;HH L^accenxaysa CBoSoflHoii CHMnjiHi^najibHoii iipo-p-peaojibBeHTbi, ee CBoncTBax, 
a TaKsce na rpaflyHpoBaHHbix oSiaeKTax, accoi];HHpoBaHHbix c TaKHMH 4)HjibTpaii,HflMH . B KanecTBe 
npHMepa h npHjioaceHHa mbi noKasbiBaeM, KaK BBefleHHbie KOHCTpyKii;HH Moryx 6biTb ncnojibsoBO- 
BaHbi jiJis pemeHHH xeopeTHKO-rpynnoBbix sa^^an o cymecTBOBaHHH roMOMopcjDHSMa h3 sa^^aHHOfi 
npo-p-rpyiiiibi G na CBoSo^nyio npo-p-rpynny panra 2. C noMombio xexHHHecKHX Mexo^OB, bocxo- 
flaii],Hx K pa6oTe [62] (iipaB^a ohh HcnojibsyiOTCfl b hhom OKpyacenHn), nan y^aeTCfl BOcnpoHSBecTH 
pflfl peayjibTaTOB [10], a xaioKe, cjie^yfl CTOJiJinnrcy, yxaaaTb npHMepbi npo-p-rpynnbi c oahhm coot- 
HonieHHeM, h3 KOTopoii ne cymecTByex roMOMop4)H3Ma na CBo6oflHyio npo-p-rpynny panra 2. HaTafl 
HacTb cojiepyK'KT nocTpoennH cneKxpajibHbix nocjie^^oBaTejibnocTeii ajire6p Xoncjia n orpanHHenHbix 
ajire6p Jin, flOKasbiBaioTca nx cBoitcTBa. B KanecTBe npnjiojKenna mm oGcyjKflaeM Bsrjiafl na pesyjib- 
TaTM B flyxe xeopeM rojiOfla-IIIa4)apeBHHa c tohkh spenna naninx nflen. 

Abtop BbipaacaeT SjiaroflapnocTb Bjia^HMnpy BapanoBCKOMy aa coBMecTnbie 6eceflM, KOTopbie 
ne TOJibKO flaBajiH nnn^y fljia flajibnenninx paaMbinijiennH, no n OKasMBajin Bjinanne 3a paMKaMH 
MaTCMaTHKH. 51 npHsnaxejien TnMy Hopxepy n PoMany MnxafijioBy sa pannne Bepcnn [49] h [45], 
KOTopbie OKaaajiHCb nojieanbiMn npn Hanncannn 3toh pa6oTM. CnoeMy nnTepecy k npo-p-rpyiinaM 
aBTop o6fl3an Ojiery Bjia^nMnponnny MejibnnKOBy. 

CnacnSo Moen acene Ejiene aa Mopajibnyio no^epjKKy, yiOT n noMoni,b b paSoTe c LaTeX. 

2. Ci/iMnjii/1141/ia/ibHbie CTpyKTypbi. 

npe>K;];e Bcero hsjiojkhm xopomo nsBecTHbie nocTpoenna, htoGm ycTanoBHTb nexoTopbie o6o3na- 
Henna n TepMnnojiornio, KOTopbie naM iionafloGsTca b ^ajibHeilmeM. 

KaxeropHfl A : Ob{A) = {[n] = {0, 1, ...n}}, Mor{A) = {/x : [n] [m]\ ni ^ nj, i ^ j} 
HycTb C - npoH3BOJibnaa KaTeropna. KonTpaBapnaninbiii 4)ynKTop S : A — > C Sy^eT nasMBaTb- 
Cfl CHMnjiHn;HajibnbiM oSijCktom b C B nameM cjiynae sto snannT, hto S cTaBnx b cooTBeTCTBne 
KayKflpuy HeoTpHn;aTejibHOMy n;ejioMy nncjiy n (xajK^^oMy oGt-eKxy h3 A) oGi-eKT Sn hs C n Ka>K- 
flpmy MOHOTonnoMy oToGpajKennio /i : [n] — )■ [m] Mop4)H3M /i* = : Sm Sn h3 C, npnneM 

S{1) = 1 H S{iiv) = S{'u)S{iJb). riofl cnMnjiHn;HajibnbiM MnoafecTBOM Gy^eT nonnMaTbca CHMnjiHn;H- 
ajibnbiii oStjCkt b KaTeropnn MnojKecTB SS; nofl CHMnjiHn,HajibnoH npo-C-rpynnoii Sy^eT nonnMaTbca 
CHMnjiHn;HajibnbiH oSi^eKT b KaTeropnn npo-C-rpynn sGr^^""'^, nofl peflyn;npoBannbiM cnMnjinn,najib- 
HbiM MHOJKecTBOM 6y;i;eM nonnMaTb cnMnjinn;najibnoe MnoacecTBO, y KOToporo SSq cocTonT n3 o^noro 
3jieMeHTa {*} n t.j^. 

Kjiacc €. Sy^eM npe^nojiaraTb "nojiHbiM" b CMbicjie [18] hjih, hto hohth To:a<;e caMoe, 
HTo € aBjiaeTca MHorooGpasneM KOHeHHbix rpynn, aaMKHyTbiM oTHocHTejibHo pacmnpe- 
HHH [65]. B HacTHocTH, ciHajiorHHHo [18], Hac 6yflyT b ochobhom HHTepecoBaTb cjiynan, 
Korfla € jih6o KJiacc Bcex KOHenHbix rpynn, jihSo KJiacc Bcex Konennbix L-rpynn, T.e. 
KoneHHfaix rpynn, nopa^KH KOToptix ecTb nponsBeflenna CTenenen h3 naSopa npocTbix 
HHceji L. 

HycTb [n] - 3T0 ynopaflonennoe MnojKecTBO, [n] = < 1 < ... < n. Onpe^ejinM cjieflyion],ne oto6- 
paacenna. Bo-nepBbix, nm^eKTnBnoe MonoTonnoe OTo6pajKenne (5f : [n — 1] — > [n], 3aflannoe 
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X, ecjiH X < i; 
X + 1, ecjiH X ^ i, 

jlJis ^ i ^ n ^ 0. ^Jia yflo6cTBa SyfleM H3o6pajKaTi> h nncaTb sth OToSpajKeHHa, onycKaa sepxHHe 

HHfleKCbi: 

<5o 



So 



[0]^[1]^[2]^[3]... 



BoapacTaiomee ciopteKTHBHoe MOHOTOHHoe OToSpaaceHHe a" : [n + 1] ^ [n], saflanHoe 



, ecjiH X ^ i] 
X — 1, ecjiH X > i, 



ai ^ 



[0] ^ [1] 3^ [2] [3] 



HeMefljieHHo h3 onpeflejieHHH BbiTeKaioT cjieflyioiri,He paBencTBa 

5j5i^ 5i5j^i,i < j, (1) 

ajQii = aiOij+i, i ^ i, (2) 

ajSi ^ Siaj^i,i < j, (3) 

= = id, (4) 

Q;j(5j = 5i_iQ;j, i> j + 1. (5) 

JleMMa 2.1. 8^1. 2.1J KacHcdan MOHomoHHan (f)yHKV,UH /i : [n] ^ [m] npedcmaeuMa eduH- 
cmeeHHUM oSpasoM e eude npouaeedenuA 

jj, = 5''\..5'"'a^\..a^\ dde m ^ ii > ... > ig ^ 0, ^ ji < ... < jt < n, n - t + s ^ m. (6) 
Hs 3T0H jieMMbi HeMe/],jieHHO BbiTeKaiOT ^na cjie^cTBHa - cm. [3, rji. 2.1]. 

Cjie^CTBHe 1. Kamesoputo A mochcho omocHcdecmeum'b c Kamesopueu A', nopoofcdeHHOu 06-5- 
enmaMU [n] u Mop^u3MaMU 5, a, nodnuHeHHUMU coomnomeHUfiM (l)-(5). 

Cjie^CTBHe 2. (AjibmepHamueHoe onpedejienue cuMnjiuv,uaji'bH030 o6'6eKma) CuMnjiu'nuaji'bHuu 
o6'5eKm F e Kamesopuu C - amo ceMeucmeo {Sn} o6^eKmoe U3 C eMecme c deyMH ceMeucmeaMU 

M0p^U3M06 U3 C 

di '■ Sn )■ >S'„_i, Si : Sn ^ Sn-\-lt i = 0, Ti 

(u n>0 6 cjiynae di), Komopue ydoeAemeopHwm paeencmeaM 



didj = dj-idi, i < j, (7) 

SiSj = Sj+iSi, i ^ j, (8) 

diSj = Sj-idi, i < j, (9) 

djSj = dj^iSj = id (10) 

diSj = Sjdi-i, i> j + 1. (11) 
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Mm HaaoBeM di h sj cooTBexcTBeHHo i-u rpaHHHHMM onepaTopoM h J-m onepaTopoM BbipojKfleHHfl 
CHMnjiHi];HajibHoro oSijeKTa 5". Hs (7)-(8) BbiTeKaiOT paBencTBa 

didj = djdi+i, i ^ j, (12) 
SiSj = SjSj-i, i > j. (13) 

IIpHMep 1. CuMUAuu^uaAbHoe MHOCHcecmeo A[n]. 

A[n]m = MorA{[m], [n]) 

. A[n]m — > A[n]m-i onpedejiJiemcji, nan KOMno3uii,uji: [m — 1] [m] ^ [n] 

sf* : A[n]m — > A[n]m+i onpedeAMemcM, kqk KOMnosuVfUM: [m + 1] [m] ^ [n] Hcho, nmo y 
cuMTiAUViUaA'bHoso MHOCHcecmea A[n\ ecm'b moAbKO odun neeupocHcdeHHUu cuMnACKC e pasMepHocmu 
n, ece ocmaAbHue aAeMenmu A[n] noAyHawmcA au6o KaK spanu, au6o kqk eupocHcdenuA amoso n- 
MepHoso cuMUAeKca. - cuMnAuunaAhHoe nodMHOotcecmeo A[n\, nopoatcdeuHoe eceMU (n — 1)- 

MepHUMU gpansiMU A[n], sa ucKAWHeHueM k-ou. 

Onpe/],ejieHHe 1. CuM,nAunuaAhHoe MHOcncecmeo G o6Aadaem ceoucmeoM Kana u Hasueaemcsi 
"(f)u6paHmHUM", ecAU aw6ou Mop(fiu3M : — )■ G npodoAMcaemcH do Mop(pu3Ma if) : A[n] — )■ G. 

HocKOJiBKy Mop4)H3M (/? nojiHOCTBK) onpeflejiacTCfl sjieMenxaMH 97(0?") G Gn-i-, i k, a. Mop- 
4)H3M T/j-sjieMeHTOM ijj(Id[n]) £ G„, CBOHCTBO KaHa paBHOCHjiBHO TOMy, HTO ecjiH saflaHBi sjieMeH- 
Tbi xq, ...,Xk-i,Xk+i, ...,Xn e Gn-1, d^~^Xj = d^JZ^Xi, ^ i ^ j ^ u, ci, j k, TO cyn];ecTByeT 

npe/],jiojKeHHe 1. CuMnAuv^uaAbHafi spynna fieAfiemcfi MHOcncecmeoM Kana. 
^OKasaTejifaCTBO. [44, rji. 4]. 

Onpe^ejieHHe 2. KoMUAeKCOM Mypa {NG, d) cuMnAuv;aaAhHou zpynnu G Ha3oeeM v^ennou 

KOMnACKC: 

n-l 



NGn = fl Ker<, : NG^ ^ NG^-i, 



i=0 



dn - 9mo ospaHUHCHue d^ na NGn, TTn{G) - n-afi soMomonuHecKaH spynna onpedeAHemcH KaK n-ue 

n 

20MOA02UU KOMUAeKca Mypa 7r„(G) := Hn{NG, d) — 



B pa6oTe [57] KBHjijien CBo6oflHO ncnojiBsyeT TexHOJiornio npHcoe/],HHeHHfl hobbix sjieivieHTOB k 
CHMnjiHi^HajiBHoii npoKoneHHOH rpynne ("cell attachment procedure"), HHKaK ne noacHflfl ee npn- 
pofly. ^aflHM STOMy npoii;eccy onpe^ejieHHocTb h noKajKCM, hto TaKaa npon;e;];ypa mojkct 6biTb hc- 

nojibsoBaHa nocTpoeHHH cbo6o;];hoh npo-C-pesojiBBeHTbi npo-C-rpynnt.i G, KaK HeoTteMjieMaa 
cocTaBjiHHDmaH Hea5ejieBoro npo-€-aHajiora MCTOfla "pas-a-pas" [17]. IlycTb G - CHMiijmii,HajibHaji 
npo-C^-rpynna a Q - saMKHyxoe nyHKTHpoBaHHoe (oTMeieHHaa xoHKa - 3to eflHHHii,a rpynnti) nofl- 
npocTpancTBO b NGk-i- Mbi xothm hoctpohtb CHMnjiHii,HajiBHyio npo-C-rpynny F — G{Q,) c mo- 
HOMop4)H3MOM j3 : G F TaxHM, HTO roMOMop4)H3M 7rfe_i(^) : 7rjfc_i(G') — >■ 7rjk_i(F) paBcn nyjiio 
Ha sjieMCHTax h3 VL. 3to 6y^eT cj\ejia,}io b xeopeMe 1.2 c noMomBio ;];o6aBjieHHH hobbix sjieMeHTOB 
x\ K o6pa3y dk{NGk) xaKHM o6pa30M, HTo6t>i P{x\) G dNF^. B iiocjieflyiomeM HSJioKeHHH VL Gy^ex 
B03HHKaxb H3 3aMKHyxoH nyHKXHpoBaHHOH cHcxeMbi o6pa3yK)in;Hx VL' npo-C!:-rpynnbi 7rfc_i(G). Ilycxb 
p : NGk-i 7rjfc_i(G) - KanoHHHecKaa ciopxjeKi^Hfl. Ho [61, xeop. 1] y p cymecxByex HenpeptiBHoe 
ceneHHe r : 7rfc_i(G) — > NGk-i- T.k. Q' 3aMKHyxo b 7rjk_i(G'), to oho 6HKOMnaKXHO [13, §13, (B)], 
Torjia t(^^') 5HKOMnaKTHO [13, §13, (D)], a cjie;];oBaTejibHO [13, §13, (C)] t{Q')- 3aMKHyToe Ho^^npo- 
CTpancTBO B NGk-i- B npo-p-cjiynac BbiSop TaKoii CHCTCMbi oSpasyromHX mojkbt 6biTb c^ejian eme 
Gojiee KaHOHHHecKHM cnocoGoM, a hmchho: Bbi6epeM 3aMKHyTyio nyHKTHpoBaHHyio cHCTeMy VL" o6- 
paayiomnx TonojiornnecKoro BexTopnoro npocTpancTBa 7rfe_i(G)/$(7rfe_i(G)) nafl nojieM Fp (k > 1, 
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$ - noflrpynna OpaTTHnn). T.k. y KaHOHHHecKott ciopteKi^HH 7rfe_i(G) -» 7rfc_i(G')/$(7rfc-i(G)) cyme- 
CTByeT HenpepbiBHoe ceneHHe cr, to Q' = a{Q") - saMKHyxaa CHCxeMa oGpasyiomHX 7rfe_i(G'). HpHMeM 
fl = Ta{Q"). Ho^poGhocth oTHocHxejibHo cBoGo^Hbix npo-C-rpynn mojkho HaHXH b [65] h [31]. 

KjnoneBbiM peayjiBTaTOM stoh nacTH flBjiaeTCfl cjie^yiomaa xeopeMa, KOTopaa flBjiaeTCfl anajioroM 
peayjiBTaTa Anflps [17, Ilpeflji. 6.1] 

TeopeMa 2.2. Uycm'b G - cuMnjiuii,uaAt,Haji npo-C-spynna, sadano k > 1 u saMKHymoe nynn- 
mupoeaHHoe nodnpocmpaHcmeo fl C 7rk-i{G), Q = {xx G 7rfc_i(G')|A G A}. Todda npaeuAa l)-3) 
KoppeKniHO onpedcAfimm cmpyKmypy cuMnAuu,uaAbHou npo-C-dpynnu {Fn,s^,d^): 

1) Fk = Gk* Fid[k]{^), Fn = Gn* F{[Jt:[n]^[k]^t), — ^ 

{Gn, n <k, 

Gk*F{n), n^k, 
Gji * F{Ut:[n]^[k]^t), = Q 

EcAU Y- nyHKmupoeaHHoe npoKOHCHHoe npocmpaHcmeo, mo mu o6o3HaHaeM F{Y) ceoSodnyK) 
npo-(t-spynny, nopoMcdeHHym Y. 

2) J],A}i ^ i ^ n, soMOMop(f}U3M npo-€-spynn : F^ — > F^+i noAynen us soMOMop^usMa 
: Gn — > Gn+i Ha Hoeux odpasywinux no npaeuny 

Si{yx,t) = yx,u, ^de u = to;", t:[n\^ [k\, yx,t e 

3) /J^AH ^ i ^ n 7^ 0, eoMOMopcfjusM npo-C-epynn : F„ — > Fn-i noAynen us c?" : Gn — > Gn-i 
c noMoutibK) sadanuA na noeux o6pasywuj,ux no npaeuAy 

{yx,ui ecAU omo6pacHceHue u — t5'^ aeAfiemcfi cwp^eKmuenuM, 
i'{i»x), ecAuu = 6tt', 
1, ecAU u — 5jt' c j ^ k, 

: [n — 1] — > [k — 1] Mop^usM e A, KomopoMy coomeemcmeyem eduncmeeHHUu soMOMop^usM 
npo-€-spynn t' : Gfe-i — > Gn-i- 

Onpe^ejieHHe 3. AysMenmupoeaHHCtJi cuMnAuu,uaAbHaH npo-€-spynna {F, e, G) nasueaemcA 
ac^epuHHOu, ecAU 7r„(F) = npu n > u 7ro(F) = G 

Onpe^ejieHHe 4. C6o6odHou cuMnAuu^uaAhHou pesoAheenmou npo-C-gpynnu G nasueaemcA 
ac(f)epuHHasi npo-d-spynna X c 7ro(X) = G, y Komopou uMeemcn CW -6asuc [40J, m.e. 

(a) Xn ceo6odHO nopocHcdaemcn npoKOHennuM npocmpancmeoM Tn 

(b) Tn ycmouHueu omHocumeAbHO onepamopoe eupocHcdenuA, m.e. ecAU a G J-n, mo Si{a) G 
J-n+i, ^n, J-n+i — Uf=iSi{Tn) W 5^+1, ^dc Yn+i - sttMKHymoe nodnpocmpancmeo e Xn+i- 

TeopeMa 2.3. 

y Kaofcdou npo-€-3pynnu G ecmb c6o6odHaH cuMnAux^uaAhuafi npo-C-pesoAbeenma. 
^OKasaTejiBCTBO. 

HycTb G - rpyiiiia. OiiHuieM HyjieBOH mar KOHCTpyKLi,HH. Oh coctoht h3 BbiSopa cbo6o/],hoh iipo- 
£-rpyimt>i F h ciopT3eKii,HH g : F — > G, hto flaex h30mop(J)H3m F/ Kei g := G, k&k rpyiiii. OGpasyeM 
nocToaHHyio CHMnjiHii,Hajii>Hyio npo-C-rpynny fljia KOTopoii fljia Kaacflofi CTenenn n BbinojiHeHO 
Fn — F n — id — s'j fljifl Bcex i,j, a 7ro(F(°)) = G. BbiSepeM aaMKHyToe noflnpocTpancTBO 

HopMajiBHbix o6pa3yioii];Hx fljia = Ker(F — >■ G) h paccMOTpHM CHMnjiHi^najibHyio npo-£- 
rpynny, b KOTopoii F^^^ :— F{Xo U fl^'^^) h Fn^^ fljia n > 1 6yf[eT CBoSoflHOfi npo-€-rpynnoH na 

npocxpaHCTBe BbipojK^^eHHbix oGpasyiomHX, onHcaHHbix Bbime. 3Ty CHMnjiHi^najiBHyio npo-C-rpynny 
o6o3HaHHM F^^^ H 6yfleM Ha3t>iBaTt> l-cKejiexoM cHMnjiHii,HajibHOH pe30JiBBeHTt>i npo-C-rpyniit>i G. 
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riocjieflyiomHe marn saBHcaT ot Bi>i6opa ...,0,'^, ... HycTb F^'^) - CHMnjiHi^najibHas npo-€- 

rpynna, nojiyneHHaji nocjie k-oro mara, k-OTO CKejiexa pesojibBeHTbi. HpocTpaHCTBO Q'' oGpasoBano 
c noMombio 3jieMeHTOB, cooTBeTCTByioiri,Hx oGpasyiomHM aGejieBOH npo-C-rpynnt>i tii^^F^''^). 

HivieeM BKjiiOHeHHfl CHMnjini^HajibHbix npo-£-rpynn: F^^^ C F^^^ C ... C F^'^~^'> C F^''^ C h 
npH nepexofle k HH^yKTHBHOMy npe^ejiy, mbi nojiynaeM aii,HKjiHHHyio CBoSoflnyio CHMnjiHi^najiBHyio 
npo-C-rpynny F, 7ro(F) — G. ^ 

HTo6t>i cjiejiaTh npe;];L.i;];yiri;He nocTpoeHHH eme 6ojiee narjiH^^HbiMH, nocxpoHM CHMnjiHi^najibHyio 
pesojibBCHTy BnjioTb flo pasMepnocTH flBa. HycTb Xq - HCKOTopoe iiyHKTHpoBaHHoe npocTpancTBo 
o6pa3yioin,Hx G. 3a4)HKCHpyeM KaHOHHHecKyio ciop'beKii;HK) e : F{Xo) G. l-cxejieT CBoGoflHofi 
CHMnjiHi];HajibHOH peaojiBBeHTbi npo-£-rpynni>i G cxpoHTCfl nyxeivi floSaBjiennfl hobbix o6pa3yioiii,Hx 
Yi, HaxoflflmHxcfl B 1-1 cooTBeTCTBHH c HopMajibHbiMH o6pa3yioiii,HMH Kbt E (xaK TonojiorHHecKoro 
HopMajiBHoro flejiHTejifl) , Tor^a F^ — F{Xq U Fi), h nojiynaeivi: 



FiXo U Yi) > FiXo) G , 

Tflie F(Xo) G - roMOMop4)H3M KonpeflCTaBjieHHs, a sq, d^, dl saflanbi 4)opMyjiaMH: 

dliVi) ^bi e Kere, dl{yi) = 1, sq{xq) = xq, xq e Xo 

SaMCTHM, HTo {Xq \ d\{Yi)) - KonpeflCTaBjieHHe G b oGbihhom cMbicjie. Tenept l-cKejiex F^^^ BbirjiaflHT 
Tax: 

H"^ rf2 j2 j1 j1 



FW : ...F(Xo U so(Yi) U s,{Y,)) " F(Xo U Y,) , F(Xo) G 



§1 si 



SaMenaHHe 1. Memod "pas a pas" Mocncem 6umt> ucnoAhsoean dAH moso, Hmo6u nocmpoumt> 
djiH JiK)6ou cuMnjiuv,uaji'bHou npo-C-spynnu G c6o6odHyw cuMnjiuv,uaji'bHyw npo-C-spynny F u anu- 
Mop^u3M F ^ G, Komopuu UHdyv,upyem u30Mop^u3MU soMomonuHecKux spynn [47]. 

Onpe^ejieHHe 5. [44, 2^- 6[ Tlycmb fug- dea soMOMop^usMa cuMnjiuv,uajibHux npo-C-spynn 

G — > H . Togda ohu HasueammcH soMomonnuMU u oBosHaHamm.c.n f — g, ecAU cymecmeyem Ha6op 
30MOMop^u3Moe hi : Gq — y i?q+i,0 ^q, Komopue ydoeAemeopHwm cjiedywui,UM mootcdecmeaM: 

doho = /, (14) 

dq+ihq = g, (15) 

dihj ^ hj-idi,i < j, (16) 

dj+ihj = dj+ihj+i, (17) 

dihj = hjdi^i, i> j + 1, (18) 

Sihj ^ hj+iSi,i ^ j. (19) 

Sihj ^ hjSi^i,i > j. (20) 

Onpe/],ejieHHe 6. IIonoAHeHHOu cuMnAuv^uaAhHou npo-(t-gpynnou HasueaemcM cuMUAUv^uaAb- 
Han npo-(L-dpynna (G^.,£:,G) u e : Gq — )■ G : edl = £d\. Ona HasueaemcH cmHeueaeMou CAeea, ecAU 

(eh = l, 



cymecmeywm hn '■ Gn — > Gn+i,n ^ u h : G — > Gq : < 



d\hQ — he, 
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u HasueaemcM cm^sueaeMou cnpaea, ecAU cymecmeywm nenpepuenue dOMOMop^uauu hn u h: 

'eh = 1, 

^ dlXlhn = l,n^Q 
dlho = he, 

^d^+^h,, = h„^id';,n^ 1,1 

Hs oiipc^cjiCHHii HCRic/j,jiCHHO cjie^^yeT! 

YTBepiacfleHHe 1. CniHeueaeMaH cnpaea (cAeea) cuMnAuv,uaAt>HaH npo-^-zpynna mAHemcH accf)e- 

PUHHOU. 

Onpe^ejieHHe 7. Omo6pacnceHue f : G ^ H cuMUAWnuaAbHux npo-d-gpynn naaueaemcA pac- 
CAoenueM, ecAU 

1) f - cuMnAuv,uaAbHuu 20MOMop^u3M (m.e. nepecmaHoeoHeH c onepamopaMU spaneu u eupocHC- 

denusi) 

2) Vn ^ soMOMop(f)U3MU fn '■ Gn — > H6AHmmcfi cmpneKmueHUMU. 

TeopeMa 2.4. [38 j Ecau f : G ^ H - paccAoenue, mo uMeem Mecmo moHHan nocAedoeameAh- 
Hocmb soMomonuHecKux spynn ... Hn+iiH) — > 7r„(Ker/) — > 7r„(G) — > T^n{H) — > ... 

B flOKaaaTejibCTBe roMOTonnHecKoii SKBHsajieHTHOCTH cboSoahmx CHMnjiHii,Hajii>Hi>ix peaojibBeHT 
Kenne [41] HcnojitayeT necKOJiBKO HHoe onpeflejieHne ac4)epHHH0CTH CHMnjiHi^najiBHoro oGijeKTa. 
HanoMHHM ero nocxpoeHHe. 

HycTb A e SGr, Tor^a oGteKTbi Z^A & A,n ^ 1 onpeflejiaioTca Tax: 

ZnA = {(ao, an+i) e ^^^+^^0^- = dj_iaj, i < j}, 

KaK nofloGi-eKT b fl,Jis KajK^oro n cymecTByex roMOMop4)H3M 

d = d^") : An+i ZnA, da = {doa, dn+ia), a e A^+i. 

Tor^a ayrMeHTHpoBaHHbiii cHMiuiHLi,HajibHt>iH oGi-eKT A G SGr 6yfleT HasbiBaxbca ac(J)epHHHbiM, 
ecjiH fljifl Kaacfloro n ^ — 1 tomomopcJdhsm d*^") flBjiaeTCfl dopteKi^Heii. OKaatiBaeTCfl, hto onpe^ejie- 
HHe ac4)epHHH0H CHMnjiHi^najiBHOH npo-£-rpynnbi, ^aHHoe HaMH Bbime, KaK CHMnjini^HajiBHoii npo-£- 
rpynnbi c xpHBHajibiibiMH roMO,iio™HMH KOMnjiexca Mypa, SKBHBajieHTHO onpe^c'iciiiiro, KOTopoe hc- 
nojibsyeT Keflne. /JeiicTBHTejibHO, iiycTb Cq, ...,an,a^i G An"^^'' : d'^aj = d'j_^ai i < j Tor^a h3 
4)H6paHTHocTH cHMiijiHii,Hajit>HOH rpynnbi cjieflyex, hto cymecxByex y : d1^\y) = a,0^i^n. Pac- 
CMOTpHM sjieMeHT OH He o6fl3aTejiBHO panen a„+i. PaccMoxpHM sjieivieHT (i„+i(|/)~^a„+i. OKa- 

SBiBaeTca, hto di{dn+iiy)~^an+i) = 1 fleiicTBHTejibHO, di{dn+i{y)~^an+i) = didn+iiy)~^ ■ di{an+i) = 
dndi{y)~^ ■ dntti = 1. Tor^a h3 accJjepHHHOCTH KOMiijieKca Mypa cymecTByex sjieneHT z G An+i : 
d'^~^^{z) = l,0^-i^n + lH = 'inXiiy)'^'^n+i ITojiojKHM X = y ■ z, TOTjia d''l^^{y ■ z) = ai 

H • z) = d^X-iiy)'^n+i{y)~^ ' (^n+i = ttn+i- YTBepjK^eHHe o TOM, HTo H3 onpeflejieHHs ac4)e- 

pHHHOCTH, KOTopoe HCHOjibsyeT Kefine, cjie^yeT nanie OHeBH^Ho, t.k. moxcho npHMeHHTb CBoitcTBO 
cropijeKTHBHOCTH d^"^ K sjieMeHTy (1, 1, gi), r^e g G NGn. Tenepb mojkho oSpaTHTBca k anajio- 
ry pe3yjiBTaTa Kefine o roMOTonHHecKofi SKBHBajieHTHOCTH CHMnjiHi^najibHtix pc30JiBBeHT 3aflaHHofi 
rpynnbi, flOKa3aTejibCTBa KOTopbix nojiynaioTCH KOMnHjijmHefi b npo-C-cjiyHaii: 

TeopeMa 2.5. [41] Uycmh A G asA - ceoBodnan cuMnAuv^uaAtHafi npo-C-epynna c CW- 
6a3ucoM, B - accfjepuHecKUH u nycmb a : A_i — > B_i - eoMOMopcpusM. 

1) Tosda cyiu,ecmeyem 'j : A — > B : 7_i = a 

2) Ecau 7' - moofce pacmupmm a, mosda 7 u 7' soMomonnu. lEI 

B cjiynae KoneHnonopoacflennofi npo-p-rpynnbi Moacno yTBepjKflaTb necKojibKO Sojibmee. ^ejio 

B TOM, HTO sjieMeHTbi npo-p- rpynnbi nopo>K;i;aioT (TonojiornnecKn) rpynny G Tor;i;a n TOjibKO to- 
rfla, Korfla onn flaioT 6a3Hc BCKTopnoro Fp-npocrpancTBa X, G/<P{G) = G/Gp[G,G] = {X)f^ (cm. 
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[65]). Torfla mm MoxceM oToac^ecTBHTb flse CHCTeMbi o6pa3yioiii,Hx npn noMOiii,H jiHHefiHoro npeo6- 

paSOBaHHH a G GL^ank{X)^%)7 KOTOpoe MOJKHO npO^^OJIJKHTb H30MOp(|)H3Ma OL 1 F{X\) = F{X2), 

T.K. BBH/j,y BbimecKasaHHoro |-^i| = |-^2|- Hoxoacaa CHTyaii,Ha HMeex Mecxo fljia jioKajibHbix KOJien, b 
nocjie/j,HeH rjiaBe [63]. 

riycTb G - CHMnjiHii,HajibHaa npo-£-rpynna. Onpe^ejifleM CHMnjiHii,HajibHoe npoKoneHHoe npo- 
CTpancTBO WG [25, onp. 6. 14], [33], nojiaraa: 

WnG ^GnX Gn-1 X ... X Gq, ^ ^ 

H onepaTopaMH rpaneii h BbipoacfleHHfl 

diigm ■■■go) — {di9m di-l9n-l, ■■■, doQu-i ' Qn-i-U 9n-i-2, ■■■, S'o)) ^ < ^ 

dn{gn, ■■■,go) = {dngn, ■■■,digi) 
Si{gni ■■■go) = {Sign, Sj-l5'n-l) S^Qn-ii 1, gn-i-1, 5'n-i-2) 5'o)- 

CHMnjiHii;HajibHoe npocTpancTBo WG HMeeT ecTecTBeHHyio CTpyxxypy G-MHOJKecTBa, HMeHHO, G 
flettcTByeT cBoGoflHo cjieBa no npaBHjiy: 

g{gn, ■■■, go) = {ggn, gn-i, ■■■, go),g & G„. 

Torfla WG - sto 4)aKTopnpocTpaHCTBo WG no jieBOMy G-/i,eHCTBHio; oGosnannM oTo6pa>KeHHe 4)aK- 
TopH3an;HH (KjiaccH4)Hn;Hpyion];ee C-paccjioenne) : 

q = qG:WG ^WG 

KoHCTpyK^H^^ WG onpe^ejifleT 4)yHKTop: W : SGrP''"-'^ ggprofimte (KaTeropna ^^p^"/^™^ _ 
KaTeropHH CHMnjiHu;HajibHbix npoKonennbix npocTpancTB, y KOTopbix nyjieBaa KOMnonenTa coctoht 
H3 o;],Horo sjieMCHTa), KOTopbiii 6y^eM nasbiBaTb (j3yHKTopoM KjiaccH(j3Hn,Hpyion],ero iipocTpancTBa 
KaxeropHH npo-C-rpynn. Hcno [44, IV, §21], nxo WG mojkct 6biTb onncano, xax WqG = [ ], WnG = 
(e) X Gn-i X ... X Go,n > 0. OnepaTopbi rpaneii n Bbipoxcflenna onpeflejiaiOTCfl, xax 

dl{go) = [ ],d\igo) = [ ],geW^G,s'o[ ] = eo, 

EcjiH n ^ 1, to: 

do{gn-i, go) = (5-7^-2, S'o), 
di{gn-i, ■■; go) = (c^i-i5'n-i, c^o5'n-i " 5'n-i-i, go),0^i^n-l 

dn{gn-l, fi'o) = {dn-ign-1, ■■■, digi), 

so{gn-i,...,go) = (e„,5(n-i, ...,5'o), 

Si{gn-1, go) = (Sj-^lfi'n-l, Sogn-i, Gn-ii gn-i-1, fi'o)- 

IlycTb M - iipoKOHeHHbiil cHMnjiHu,HajibnMH G-MOflyjib. Cjieflya KBnjijieny [53, 55, 56], onpe- 
flejiHM rpaflynpoBannyio aGejieBy rpynny, na3biBaeMyio roMOJiomflMH G c KOscJacJani^nenTaMH b M, 
KaK 

H?{G,M) :=7r.(Z,[[iyG]]§g^[[C]]M), 

rfle H Z|r[[G]] - cBoGoflnbie CHMnjiHn;Hajibnbie aSejieBbi rpynnbi, nojiynennbie npHMenenneivi 

4)ynKTopa rpynnoBoro KOJibn,a k WG n G cooTBeTCTBenno, <S> - nonojinennoe Ten3opnoe npoH3Be- 
flenne, cm. [65]. Ecjih mm paccMOxpHM b KanecTBe rpynnbi G nocToannyio rpynny, a b KanecxBe M- 
nocTOHHHbifl Ze;[[G]]-Mo;];yjib, to, KaK necjiojKHO yBH^^exb, HopMajiH30BaHHbm KOMnjieKC Ze;[[W^G]] 
c flH4)4)epenn,HajioM dn = l^"=o(~l)*<^i coBna^aeT c neoflnopoflnon 6ap-pe30JibBenTOH [65, 6.2], n 
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npHMeneHHeM 'S>2^^^g]]-^ nojiyHHM roMojiornn H^(G,M) c K034)4)Hii,HeHTaMH b M rpynnti G. 5Ic- 
HO, HTO Z£[[l^G]](g)g^jjQjjZ£ = Ze[[l/FG]], rfle 2,^ paccMaTpHsaeTCfl xax TpHBHajibHbiii nocTOflHHMH 
G-MOflyjib, nojiynaeM, hto H^(G,Z^) = 7r^,(Z(r[[H^G]]). 

MojKHO saMCHHTb npoKOHeHHoe KOjibn;o na npoKoneHHoe KOjibri;o A (nanpHMep Fp), cm. [65]. 
Tor^a iiojiynaeM A[[W^G]] - Heo^Hopo^Hyio Gap-pesojibBCHTy c flH4)4)epeHLi,HajiaMH 9„ = Y17=oi~^y^i^ 
c roMOJiorHSMH Hn{G,M) = Torn^^'^\^, M). B nacTHocTH, b cjiynae npo-p-rpynn: 

H^G, ¥,) = Tor^[[^ll(Fp, F^) = M¥,[[WG]]^r„¥,) = n4F,[[WG]]) = H^{G, ¥,) (21) 

B pesyjiBTaTe iiojiynaeM: 

IIpefljioaceHHe 2. Fomoaosuu npoKOHeuHou (npo-p-apynnu) Zg;) (H^{G,¥p)) coenadawm 

c 30MOA03UAMU KeujuicHa H^{G, Zc) (H^{G, Fp) 

Onpe^ejieHHe 8. EucuMnjiuv,uaji'bHou npo-<t-zpynnou HasueaemcA coeoKynHocmh 
{Gpq,d^,s^,d^,s^,p,q ^ 0} npo-C-spynn Gpq, spanuHHUx nenpepuenux soMOMop^usMoe d^,d^ 

u nenpepuenux soMOMopcfiusMoe eupoMcdenufi , sj^, gde h - gopusonmaAbnasi cmpyKmypa u v - 
eepmuKaAbnaH cmpynmypa, ydoeAem,eopHwuj,ux CAedywiu,UM ycAoeuHM: 

d)d\ = <4, s]d^, = d\s], s)d^ = d\sl s)s\ = s\s). 

KacHcdan KOAonna u KacHcdan cmpona ducuMnAuv^uaAbnou npo-^t-zpynnu HeAnemcn cuMnAuv^uaAbnou 
npo-€-epynnou. 

OnpeflejiHM fljia saflaHHoii CHMnjiHi^HajitHofi npo-C-rpynnbi G CHMnjiHi];HajibHyio npo-C-rpynny 
EG cjieflyiomHM o6pa30M: 

{EG)^ = {xe : dldl...d^+\x) = 1} 

c roMOMop4)H3MaMH rpanefi h Bbipoxc^eHna, HH;];yii;HpoBaHHbiMH h3 G, a TaioKe nocToaHHyio chm- 
njiHi^najiBHyio npo-£-rpynny (G7roG)„ = 7ro(G) c TOJKflecTBeHHbiMH roMOMop4)H3MaMH rpanefi h 

BbipOJKfleHHH. 

HMeex MecTo Tonnaa iiocjie^oBaTejibHocxb cHMnjiHii,HajibHbix iipo-€-rpynn 

I^QG^EG-^gA CnoiG) 0, (22) 

r^e 6n : {EG)n — > G„ HHfly^HpoBaH roMOMop4)H3MOM rf^+l : — )■ G^; jn : Gn (G7roG)n 
- 3T0 KOMno3HT (io(io---'^o ^ ecTecTBeHHbiM roMOMop4)H3MOM Go — > 7ro(G) H i : Q,G — > EG - sto 

rOMOMOp4)H3M BJIOaceHHfl flflpa 9. 

Tax KaK Im — Kcr j, a roMOMop(|)H3ML.i j h ^ sBjiaioTCfl paccjioeHHflMH, to 22 BjieneT cjieflyK)iii,He 
TOHHbie nocjieflOBaTejiBHocTH roMOTonHHecKHx rpynn 

... ^ 7r„(QG) ^ 7r„(£;G) ^ 7r„(Im^) ^ 7r„_i(QG) ^ ... (23) 
... ^ 7r„(Ime) ^ 7r„(G) ^ 7r„(G7roG) ^ 7r„_i(Im^) ^ ... (24) 

Mbi yTBep>K;],aeM, hto CHMiijiHn,HajibHaH iipo-C-rpyniia EG CTHrHBaeMa cnpaBa co CTHrHBaiomett 
roMOTOimefi h = n K = 5^^+}. AeficTBHTejiBHO, Tro{EG) := ^r^g^ = ldl!^)]y^!^Jl ■ M^G) = 
4^ {EG)q = {d\{y)\ rp^e y G Kerdl}. HycTb a; e Gi : dl{x) = 1, Tor^a s}(a;) - 3jieMeHT b 
G2 H dls\{x) — X. HaflO npoBepHTb, hto d^s\{x) — 1; flefiCTBHTejitno d^s^x) — s^d^x) = 1 =^ 
no{EG) = 0. OopMyjiM d^^'^\hn = 1- 3to cHMiijmii,Hajii>Hoe TOJKflecTBO (10). HaflO eme npoBepHTb, 
HTO = d,lho{x) = he — 0, ho dl,s\{x) — SQdl{x) — 1, anajiorHHHO npoBepaeTca h nocjie^Hee ycjiOBne 

CTSrHBaeMOCTH . 
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H3 23,24 H CTarHBaeMOCTH EG cjie^yeT, hto 



7rn-i{flG)^7rn{G),n^l (25) 
OnpeflejiHM flHaronajibHyio CHMnjiHii;Hajii>Hyio npo-C-rpynny AG: 

{^G)n — Gnm dj = d^dj, Sj = S^s"y 

5IcHO, HTO ecjiH sa^ana TOHHaa nocjie^oBaTejibHOCTb 6HCHMiijinii,HajiBHt>ix iipo-C-rpyiiii — )■ G' — > G 
— )■ G" — )■ 0, TO ett Gy^ex cooTBeTCTBOBaxb ^jiHHHaa xoHHaa nocjieflOBaxejiBHocTb roMoxonHHecKHx 
rpynn: 

^ 7r„(AG") ^ 7r„(AG') ^ 7r„(AG"0 ^ 7r„_i(AG") ^ 

3a4)HKCHpoBaB nepBbiii HH^eKC b SHCHMnjiHi^HajitHoii npo-C-rpynne G, nojiyHHM BepTHKajiBHyio 
KOJiOHKy, KOTopaa flBjiaeTCfl CHMnjiHi^najiBHoii npo-C-rpynnon. A c noMOiii,i>io 22 TOHHyio nocjieflo- 
BaTejiBHOCTb 6HCHMnjiHii,HajibHi>ix npo-C-rpynn: 

7 \Ly\J^if_ 7 H/yKJ:^^ 7 7 O-yVlQ Lt^^ 7 U. 

G^tIqG - 3TO 6HCHMnjiHii;HajibHaH npo-C-rpynna, y KOTopofl {Gy7rQG)n,* = '^o{G'^^ ropHSOHTajiBHbie 
Mop4)H3Mbi - 3TO TOJKflecTBeHHbie oTo6pajKeHH5i rpynnbi TVoGn,*, a BepTHKajiBHbie HHflyii;HpoBaHbi 

Tor^a HMeeM TOHHyio nocjieflOBaTejiBHOCTb flHaroHajiBHbix npo-£-rpynn 

^ A(O^G*,*) ^ A{E^G,,.) A(G'*,*) ^ A((a<G')*,*) ^ (26) 

A(C^7roG) - 3T0 CHMnjiHii,Hajii>Haa npo-£-rpynna, y KOTopofi A(C^7rQG')„ = T^oiGn,*) h di : 
A{G^n'^G)n A(C^7rSG)„_i HHfly^HpoBaH d^ ^' : G^^o ^ G'n-i.o 

HeTpyflHO ySeflHTbca, ^to onpeflejieHHbie TaKHM o6pa30M roMOMop4)H3Mbi rpaneii h Bbipoac^eHHii 
onpe;];ejieHbi KoppexTHO h no^^HHHHioTCH Heo6xo;];HMbiM CHMnjiHii;HajibHbiM Toac^^ecTBaM, T.e. AGttoG 
flettcTBHTejibHO CHMnjiHii,HajibHaH iipo-C-rpyiiiia. Ee rpynny roMOjiorHH KOMnjieKca Mypa b paanep- 
HOCTH n 6yfleM o6o3HaHaTb 7r^7ro(G), T.e. 7r^7ro(G) = 7rn(AC'„7rQG) 

JleMMa 2.6. AE^G - crriHsueaeMaH cuMnjiuv,uaji'bHaA npo-C-spynna. 

^OKasaTejibCTBO. HojibayflCb nepecTanoBOHHOCTbio s^, d^ h s^, d^ b onpeflejiennH 6HCHMnjiHi];H- 
ajibHOH rpynnbi jierKO npoBepHXb, hto roMOMop(|)H3Mbi h = 1 m hnn = KOHCTpynpyiOT 
CTsrHBamyio cnpaBa roMOTonnio CHMnHii;HajibHOH npo-£-rpynnbi AEr^GM 

TeopeMa 2.7. j54] Ilycmb G - BucuMnAuyuaAhuafi npo-€-epynna, mozda uMemmcsi dee cneK- 
mpaAhHue nocAedoeameAhHocmu: E^^ = tt^tt^G ^ nn+m{AG) , E"^^ = tt^tt^G =^ 7r„+m(AG). 

^OKaaaTejifcCTBO. HocjieflOBaTejibHOCTH 26 cooTBeTCTByioT /j,jiHHHbie TOHHbie nocjieflOBaTejib- 
HOCTH 23, 24 

... TTniAfl^G) TTn^AE^G) 7r„(Ime^) 7r„_i(A0^G) ... 

... ^ 7r„(Ime,) ^ 7r„(AG) ^ 7r„(AG,7rSG) ^ 7r„_i(Ime,) ^ ... 
HojiyHaeM TOHHyio nocjieflOBaTejibHOCTb 

^ 7r„_i(An,G) ^ 7r„(AG) ^ tt^^G ^ 7r„_2(An,G) ^ (27) 

06o3HaHHM Q^G := Q^Q^...Q^G. Tor^a h3 25 nojiynaeivi, hto 7rQ(Q^G) = 7r^(G) h, noflCTaB- 

m-pa3 

jiaa B 26 BMecTo 6HCHMnjiHii,HajibHOH npo-€-rpynnbi G 6HCHMnjiHii;HajibHyio npo-€-rpynny Ail^G, 
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nojiynaeM TOHHyio napy 



^jifl Toro, HToSbi nojiyHHTb r, fljia KOToporo = 7r^7r^(G), paccMOTpHM b BH^e komhoshi^hh: 

OTKy;];a r = 2 h Df^m — ^n{^^T^^)- Torfl^a CTan^^apTHbie apryMeHTbi o cxo;];hmocth Gnperyjiap- 
Hoil cneKxpajibHoii iiocjie/j,OBaTejibHOCTH, [16, rji. 8], iiosbojihiot yTBepjK/],aTB, hto ciieKxpajibHaa 
nocjieflOBaTejibHOCTb cxoflHTcs k 7r„+^(AG) c 4)HjibTpaii,HeH FnHn+mi^G) = Im{7r„(Ar2™G)) — >■ 
7r„+^(AG)}.K 



3. ripoi/iSBOAHbie ct^yHKTopbi. 

Ofl^HviM H3 BajKHefiinHX pesyjibTaTOB are6paHHecKOH TonojiorHH 70-x - 3to nocTpoeHHe axcHOMa- 
THHecKoii TeopHH roMOToiiHH [53]. Pa3pa6oTaHHaa KBHjijieHOM xeopna ocHOBbiBaexcH na BBe^eHHH 
noHflTHa MOflejibHoii KaxeropHH, T.e. KaTeropHH c BbiflejieHHbiMH TpeMfl KjiaccaMH mop4)H3mob (pac- 
cjioeHHa, KopaccjioeHHfl h cjiaSbie SKBHBajieHTHOCTn) , nrpaiomHMH MeTOflOJiorHHecKH Ty jKe pojib b 
TeopHH roMOTOHHH, HTO H flaBjiSHHe, o6T>eM H TCMHepaTypa B MOJieKyjiapnoii 4)H3HKe. MoflejiBHBie 

KaTeropHH C COBpeMCHHOH TOHKH SpeHHH UpVlBOJlST He TOJIbKO K yHHcJjHKaHHH HSblKa B TCOpHH TO- 
MOTOHHH H B03M0JKH0CTH afleKBaTHOTO CpaBHCHHa paSJIHHHblX TCOpHH, HO H, HTO OCo6eHHO BaJKHO C 

Hameii tohkh speHHa, flBjiaiOTCfl ecTecTBennbiM BMecTHjiHH];eM neaSejieBoii roMOJiorHHecKoii ajire6- 
pbi. 

^jifl HOJiyneHHA hobbix HHBapnaHTOB b ajireSpaHnecKOH reoMeTpHH ApTHH h Maayp [18] onpefle- 

JIHJIH STajIbHblii rOMOTOHHHeCKHH THH CXCMbl, KaK HpO-o6T.eKT B rOMOTOHHHeCKOH KaTCFOpHH H Ka- 

TeropHH cHMiijiHn,HajibHbix MHoacecTB SS. SaTGM PeKTop [60] c^ejiaji onpe^ejieHne ApTHHa-Maaypa 
"xcecTKHM", iiocxpoHB iipoKOHeHHoe HOHOJineHHe CBasHoro iipocxpaHCTBa, KaK Hpo-o6T>eKT b KaTe- 
ropHH CBaSHblX KOHeHHblX CHMHJIHH;HajIbHbIX MHOJKeCTB. COBepHieHHO HOBblii BSrjIflfl Ha CHTyaH;HK) 

OTKpbijica 6jiaroflapa pa6oTe Mopejia [46], b KOTopoii 6bijiH cyH];ecTBeHHO yjiynmeHbi HpeflbiflyH];He 

pesynbTaTbi o p-nonojiHeHHHX c noMombro nocTpoeHHH npo-p-Mo;];ejibHOH CTpyKTypbi, rjie p - cJdhkch- 
poBaHHoe HpocToe hhcjio. B [46] 6bijia paccMOTpena KaxeropHa _ cHMHjiHH,HajibHbix npoKo- 

HeHHbix HpocxpancTB c MOflejiBHoii CTpyKTypott, b KOTopoii cjiaSbie SKBHBajienTHOCTH - sto OToSpaace- 

HHfl, HHflyH,HpyK)HI,He H30MOp4)H3MbI HeHpepblBHblX Z/p-KOrOMOJIOTHH. B HaCTHOCTH, SblJIO HOKaSaHO, 

HTO KajKfloe HpoKoneHHoe npocTpancTBO cjiaSo SKBHBajienTHO b ggwolimte npoeKTHBHOMy npe^ejiy 

KOHeHHbix p-npocxpaHCXB c KOHeHHbiM Ha6opoM HexpHBHajibHbix roMoxoHHHecKHX rpynn, Kaacflaa 

H3 KOXOpblX - KOHCHHaa p-XpyHHa. TaKaa KOHCXpyKH,Ha BMeCXe C cJ^yHKXOpOM SS ggprofimte 

HOSBOJiaex c^ejiaTb "acecTKHMn" KOHcxpyKij,HH Apxnna-Masypa [18] /;jia iipo-p-iioHOJiHeHHii, a xaK- 
jKe o6o6H];HTb paSoTy PeKTopa na cjiynaii neoflHOCBasHbix npocTpancTB. B paSoTe [51] KyHK bbcji 
HecKOJibKO HHyro MOflejibHyro CTpyKTypy, b KOTopoH cjia6bie SKBHBajienTHOCTH - sto OToSpajKenna, 
HH;];yn;Hpyron];He HSOMopcJiHSMbi na npoKonennbix (|)yH;];aMeHTajibHbix rpynnax, a TaKJKe b nenpe- 
pbiBHbix KoroMOJiornax c KonenHbiMH jioKajibHbiMH K034)4)Hn,HeHTaMH, hto hosbojihjio onpeflejiHTb 
He TOJIbKO Z/p-HOHOJiHeHHc fljia (|)HKCHpoBaHHoro HpocToro HHCJia p, KaK y Mopejia, ho h peajiHSO- 
BaTb Hpo-L-MOflejib b cjiynae, Kor^a L co^epacHT 6ojiee neivi o^ho npocToe hhcjio [52]. 

Otmbthm hoxojkhh chocoG HocTpoeHHa npo-L-iioiiojiHeHHii b paSoTe [48], a TaKace sjieraHTHbiii 
o63op H cpaBHCHHe HOHOjiHeHHH HO ByccJiHji^y-KaHy h Z/p-nonojiHeHHii b [32]. CoBpeMennoe cocto- 
anne HccjieflOBaHHH Hpo-roMOTOHnnecKHx thhob mojkho nattTH b paGoTe HpHflxaMa [48]. 
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IJ,ejii>io H saflaHeii ajire6paHHecK0H TonojiorHH asjiaeTCfl CBefleHne TonojiorHHecKoii npo6jieMM k 
ajire6paHHecKOH, hhbimh cjioBaMH, nocxpoeHHe ajireGpaHHecKoii Mop^enn. JXns KaxeropHH peflyixupo- 
BaHHbix MHOJKecTB SSq KaH [39, 33] nocxpoHji ajireGpaHnecKyio Mo^ejib cHMnjiHii,HajibHt>ie rpynnti 
SGr, HTO Ha ssmkb roMOTonnHecKoii ajireSpbi osHanaeT KBHjijieH-SKBHBajieHTHOCTb [33, 53] coot- 
BeTCTByiomHx roMOTonHHecKHx KaTeropHH. Tor^a, c tohkh speHHfl peayjiBTaTOB Kana, oSbinnafl 
KOM6HHaTopHaa Teopna rpynn (saflaHne rpynn oSpasyiomHMH h cooTHomeHHaMH) hh hto HHoe, KaK 
^^ByMepnaa xeopHH roMOTonnfl. HoxojKaH CHxyai^HH HMeex mccto h b npoKOHCHHOM cjiynae, nocKOjib- 
Ky, KaK Mbi yBHflHM B 3TOH HacTH paGoTbi, cymecTByex Ta ace napa conpajKeHHbix cjDyHKTopoB: 

^ gpro finite ^ > gQ^-pro-t 
W 

o6jiaflaioiii,Hx pa^OM cbohctb, aHajiorHHHbix flHCKpeTHoli CHTyaii;HH. 3to ^aex ocHOBanHe onpeflejiHTb 
MecTO KOMSHHaTopHoii TeopHH npoKOHeHHbix rpynn, KaK flByMepnon npoKonennon Teopnn tomoto- 
nnn. BepneMca k o6cyacfleHHK) flannoii anajiornn yace b cjieflyron^eii rjiaBe nyxeM pasBHTHfl Teopnn 
2-roMOTonnnecKoro Tnna, a nivienno, ero ajireSpannecKoii MO^ejin - npoKonennbix CKpen];enni>ix mo- 

flyjiefi. 

npe/i,jio:a<;eHHe 3. KamezopuH cuMnAuv,uaAt>Hux npo-(t-epynn mAHemcH saMKHymou cumuau- 
v,uaji'bHou ModeAbHou Kamesopueu, y Komopou: 

1) CAa6aA 9Keu6aAeHmHocmb f : X —> Y - amo goMOMop^usM cuMHAWJ^uaAhHux npo-C-spynn, 
Komopuu UHdyv^upyem usoMopcfiusM : vr* (X) ^ vr* (Y) . 

2) f : X Y - paccAoenue, ecAU f - cwp-seKmueHuu zoMOMop^usM cuMnAui^uaAbHux npo-C- 
zpynn. 

3) f : X ^ Y - KopaccAoenue, ecAU f UMeem ceoucmeo nod^cMa CAeea LLP, m.e. Oaa ak)5ou 
KOMMymamueHou duaspaMMU 




sde p - mpueuoA'bHoe paccAoenue (paccAoenue, Komopoe maKOfce AeAAemcA u CAa6ou aKeueaAenm- 
Hocmbw), cymecmeyem nyHKmupoeaHuafi cmpeAKa u Hoean duaspaMMa mootce KOMMymamueHa. 
/l^OKasaTejibCTBo: CocTonx b aKKypaxHon npoBepKe ycjioBnii c.neji;yioiLi,CH TCopeMbi: 
TeopeMa [53, xeop.4, rji. 2, §4]. nycmb A - namezopuH, saMKHyman omHocumeAbHO kohchhux 
npHMUx npedeAoe u UMemmaH docmamoHHO mhoso npoeKmuenux o6^eKmoe. nycmh sA - cumhau- 
ViUOA'bHaH KamesopuA cuMnAuv,uaA'bHux o6neKmoe nad A. OnpedeAUM omo6pacnceHue f e sA kuk 
paccAoenue (coome. CAa6an aKeueaAeHmHocmh) , ecAU Hom (P, f) (nod P noHUMaemcn nocmoAHHUu 
cuMnAuu^uaAbHuu o63eKm) sieAsiemcsi paccAoenueM (coome. CAa6ou aKeueaAeHmHocrnhKi) e Kameso- 
puu cuMnAuv^uaAbHux MHOCHcecme Oah nacncdoeo npoeKmuenoeo o6neKma P e A, u KopaccAoenue, 
ecAU f UMeem LLP omnocumeAhHO mpueuaAhuux paccAoenuu. Tosda sA - saMKuymasi cuMnAwnu- 
aA'bHttA ModeAbHcui KamesopuA, ecAU A ydoeAemeopfiem odnoMy U3 CAedytomux donoAHumeAhHux 
ycAoeuu: 

(*) KacHcduu o6neKm e sA sieAsiemcsi (f)u6paHmHUM. 

(**) A saMKHyma omnocumeAbHO undyKmuenux npedcAoe u uueem MHOotcecmeo mgaux npo- 
eKmuenux o6pa3ywuj,ux. 

Ecjin A - Kaxeropnfl npo-£-rpynn, xo ycjiOBne *) Bbinojineno, x.k. KajK^bin oSteKx G b A ab- 
jiaexcfl 4)aKxopoM KorpynnoBoro o6x>eKxa C [53, Ilpeflji.l, rji.2, 4.2]. B KanecxBe C cjie^yex BSflxi. 
CBo6o;];Hyio npo-C-rpynny F^{X) na npocxpancxBe oGpasyiomnx G. 

B cjiynae KaxeropHH CHMiijiHii,HajiBHt>ix iipo-C-rpyiiri paccjioeHHH h cjia6t>ie SKBHBajieHTHOCTH ns 
xeopeMbi [53, xeop.4, rji. 2, §4] coBnaflarox c nyacnbiMn. ^encxBnxejibno, nycxb A - Kaxeropna: iipo- 



12 



(t-rpynn m f : A — y B - HeKOTopbiii MopcJjHSM b sA, Tor^a fljia jiioGoro C ^ A onpeflejiaeTCfl 
Hom{C, A) G SS, nojiaraa Hom jC, A)n = Morj^{C^ ^n), npn stom mop4)H3ml.i rpanefi h Bbipoac^^e- 
HHa nojiynaiOTca h3 cooTBeTCTByiomHx Mop(|)H3MOB rpaneii h BbipoacfleHHa b s,4. Ecjih b KanecTBe 
C BsaTb CBoSoflHyio npo-£-rpynny na/j, iipoKOHeHHbiM iipocipaHCTBOM X, to Mor_A,{Fi^[X), A^) — 
Ylx HMeeT {F^(X) - KorpynnoBoii oST^eKT b A) CTpyKTypy rpynnbi, xax npsMoe npoHSBefleHne 
npo-£-rpynn An- Ecjih BcnoMHHTb [53, rji.2, 3.7-3.13], hto clopTieKTHBHbie roMOMop4)H3Mbi CHMnjin- 
ri;HajibHbix rpynn cyxb paccjioeHHH, a roMOTonHHecKHe rpynnti (xax roMOjiorHH KOMnjiexca Mypa) 
coBnaflaiOT c roMoxonHHecKHMii rpyiiiiaMH SasoBbix CHMnjiHii,Hajii>Hi>ix MHoacecTB, to iiojiynaeM nyjK- 
Hoe coBnafleHHe MOflejitHbix CTpyxTyp. JI,jm iipoHSBOJitHofi npoeKTHBHofi npo-C-rpyiinbi flOKasaTejit- 
CTBO npoBOflHTCfl c noMOiii,i>io peTpaKT-apryMBHTa, cm. [53, Hpeflji.l, rji. 2, CTp. 4.2] IE. 

Cjie^yfl [39, 33], cm. Taicace [52], nocTpoHM 4)yHKTop h3 KaTcropHH peflyi^npoBanHBix chm- 
njiHii;HajibHbix npoKoneHHbix npocTpancTB b KaTeropnio CHMnjiHn;HajibHBix npo-C-rpynn. Bo-nepBbix, 
corjiacHo [57, 46, 52] 3aMeTHM, hto jiioGaa cHMnjiHi^HajibHaa npo-C-rpynna h jiioGoe cHMnjiHi^najiB- 
Hoe npoKOHCHHoe npocTpancTBO cctb npoeKTHBHtiii npefleji KOHenHbix cHMnjiHii,HajibHbix rpynn n 
KOHeHHbix CHMnjiHn;Hajii>Hi>ix npocTpancTB cooTBeTCTBenno. Ecjih K - peflyn,HpoBaHHoe Konennoe 
CHMnj[Hi];Hajii>Hoe mhojkcctbo, Tor^a onpeflejiHM r^{K), nojraraa r^{K) :— F^{KnJ^i — so{Kn)). JJ^jia 
npoH3BOJ[i>Horo npoKOHCHHoro peflyi^npoBannoro CHMnjEHi^najiBHoro npocTpancTBa K: 

AeA 

riycTb X G Kn+i, o6o3HaHHM t{x) - Kjiacc sjieMCHTa X B r^{K), Tor/j,a oiiepaTopbi rpaneii n 
BbipojKflennfl b r^[K) 3afliOTCfl cj[eflyioni;HM o6pa30M: 

T{dQx)dQT[x) — T{dix) 

diT{x) — r(dj4.ix), i > 

SiT{x) = T{Si+ix), i ^ 

Onpe^ejinM reiicpb di h Sj iiyTCM e^nncTBennoro pacmnpenna /j,o roMOMop4)H3MOB npo-€-rpynn. 
HeMCfljienno npoBepHercH, hto f^^K) aBj[5ieTC5i KOMnjiCKCOM rpynn, n r : K — > r'^(K) - tok 
nasBiBaeMasi CKpynnBaion^aH 4)yHKn;H5i [44]. 

SaMCTHM, cjieflys [39, 33], hto 4)yHKTopi.i n W conpajKenbi. Ilpn stom, h30mop4)H3m 

MorsGrP-'>f{^^{K),A) ^ Morssprof{K,WA) 

CTpoHTCH cjie^yioii:i,HM o6pa30M. HycTb 3aflaH roMOMop4)H3M npoKoneHHbix CHMnj[Hn;Haj[i>Hi>ix rpynn 
/ : V^i^K) AvL nycTb f{T{x)) — a. OnpeflejiHM 

*(/) : K WA 

no npaBHj[y 

^(/)(^) = (/(t(x)), dof{T{x)),...,d-J{T{x)) 

OSpaTno, ecj[H sa^an neKOToptiii mop4)H3m CHMnj[Hn;Haj[i>ni>ix npoKonennbix npocTpancTB 

g:K^ WA, 
g{x) = [r„_i,...,ro], 

Tor^a onpeflejiHM 

^{g) : f^{K) ^ A 
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no npaBHjiy 

HpHMaH npoBepxa noKasbmaeT, hto ^$(5') — g ^ $^(/) — f, 8k TaKsce, hto ^{g) h ^(/) flBjiaiOTCfl 

CHMnjIHLI,HajIbHMMH TOMOMOpcJiHSMaMH. 

IlycTb flajiee fif) KOHu,a 3toh hhcth paGoTbi €. -Kjiacc Bcex KOHennbix rpynn, nopa/i,KH 
KOTopbix cyTb npoHSBe^eHHH npocTMx HHceji I h3 saflciHHoro Ha6opa npocTbix hhcbji 
L, Tor^a eflHHHii;a conpa»ceHHa, T.e. roMOMop<J)H3M CHMnjiHii;HajibHbix rpynn $^(^^0) : 
r'^WG — > G, r^e G - CHMnjiHu;HcUibnaa npo-€-rpynna, aBjiaeTca cjiaGoii roMOTonnHecKoii 

3KBHBajieHTHOCTbIO . 

Pa3Jio>KHM CHMiijiHLi,HajibHyio npo-£-rpynny b npoeKTHBHbitt npe^eji KOHe^Hbix CHMnjiHii,Hajib- 
Hbix C-rpynn G = ^mG^ h BOcnojib3yeMCfl SKBHBajieHTHOCTbio Kana [39, 33] ^jia KoneHHOH chm- 
njiHi];HajibHOH rpynnbi Gx. HivieeM WGx - KoneHHbie CHMnjiHn;HajibHbie npocTpancxBa, y Koxopbix 
TTn+iWGx — T^nGx, ^ WG = ]^WGx- OyHKTop Kana F (flncKpeTHbiii) CTaBHT b cooTBexcTBHe ko- 
HeHHOMy CHMnjiHn;HajibHOMy MHOxcecTBy WFx ^^HCKpexHyio CHMnjiHi^najibHyio rpynny FWGx, npn- 
HCM HMeeM: TiniFWGx) = 7in+i{WGx) = TiniGx), HO FWGx - KOHeHHonopojK^eHHBie cBo6o;];HL.ie 
rpyiiiibi (flHCKpeTHbie), a cjie^OBaxejibHO [55], [60] ohh HBjiaioTCH "xoponiHMH" h "L-xopomnMH", 

H TTniF'^WGx) = TTniFWGx)'^- BsH^^y TOHHOCTH IipoeKTHBHblX lipe^CJIOB B KaxerOpHH IipOKOHCH- 

Hbix npocTpancTB: TiniTWGx) = ]^7rn(rWGx) = ]^7rn{FWGx)'^ = ]^nn{Gx) = 7r„(G'). T.k. 
F'^WG = ]^ F'^WGx, TO nepexoflOM k npoeKTHBHOMy npe^ejiy, nojiynaeM: 

npeflJio:aceHHe 4. Uycmh £- KJiacc kohchhux epynn, nopndKU Komopux - npouseedenusi cme- 
neneu npocmux hucca us sadauHoeo Ha6opa L; G - cuMnAuv^uaAbHaH npo-(L-2pynna, mosda ecme- 
cmeeHHUu soMOMop^uaM 

^■^{ida) : T'^WG G 

H6AHemcA CAa6ou aKeueaAeHmHocmhto cuMnAWJ^uaAhHux npo-'t-zpynn. 

HpeflCTaBHM CHMnjiHi];HajibHoe peflyii,HpoBaHHoe npoKoneHHoe npocTpancTBO b bh^c npoexTHBHO- 
ro npe^ejia KoneHHbix CHMnjiHii,HajibHbix npocTpancTB WG = Kx, {Kx)n — U ^i{i^\)n-i) \SO^x)n, 
HojioacHM Kn — \Jsi{Kn) l+J^ml^, Tor^a CBoGoflnas cHMnjiHi^HajibHaa npo-£-rpynna F'^WG HMeeT 

CW-6a3HC H K04)H6paHTHa, t.k. MOp4)H3M * ^ F'^WG flBJiaeTCa HOHTH CBoSo^HBIM rOMOMOp4)H3- 

MOM, CM. [33. jieMMa. 6.1]. Cjie;];oBaTejibHO, b nameM pacnopajKennH hmciotch cjDyHKTopHajibHbie 
KO(J)H6paHTHbie 3aMeHbi b xaTeropHH cHMnjiHH;HajibHbix npo-£-rpynn. HeTpy^Ho 3aMeTHTb, hto chm- 
HjiHn,HajibHbie pe30JibBeHTbi, HOCTpoennbie b nepBoii nacTH pa6oTbi, Taicsce Ko4)H6paHTHbi. 

Tenepb 3aMeTHM, hto CBoSoflnaa CHMHjiHH,HajibHaa Hpo-£-pe30JibBeHTa MoaceT Sbitb nocTpoena 
4)yHKTopHajibHo, KaK F^WG, r^e - Hpo-C-4)yHKTop Kana, W - 4)yHKTop KjiaccH(|)Hn;HpyiOH];ero 
npocTpancTBa, a G - iiocTOHHHaa CHMnjiHn,Ha.nBHaH npo-C-rpynna, y KOTopoH G„ = G, a Mop4)H3Mt>i 
rpaneH h BbipoacfleHHa - TO>K/],ecTBeHHMC i^oMOMopcJ^HSMbi G. /JeHCTBHTejibHo, F'^WG - CBoGoflnaa 
CHMHjiHn;HajibHaa rpynna, c flpyroii cTopoHBi iipe/j,biflyn];He paccyacfleHHa HOKa3biBaiOT, hto F'^WG 
cjia6o SKBHBajieHTHa G, ho 7rn(G) = npn n ^ 1, a 7ro(G) = G. 

TaKJKe c4)opMyjiHpyeM cjie^CTBHe, KOTopoe naM nonafloSHTCfl b nocjieflnefi nacTH pa6oTbi. 

Cjie^CTBHe 3. 77ycmt> G - KoneHHCui C-epynna, moeda cymecmeyem KoneHHonopocHcdeHHaH ceo- 
6odHasi cuMUAuyuaAhHasi npo-C-pesoAbeeHuia G. 

Jins MO/],ejibHbix KaTeropHH ecTecTBennbiM o6pa30M CTpoHTca hx roMOTOiiHHecKHe KaTeropHH 
[33, 53], KOTopbie no nocTpoennio npeflCTaBjiaioT coGoii KaTeropnio Ho{C), y KOTopon o6T.eKTbi Te 
ace, HTO H B HCxoflHoii KaTeropHH C, a Mop(|)H3Mbi - roMOTOHHHecKHe Kjiaccbi HorriT^c^f 

HomHoiC){X,Y) = Hom^cjR'QX,R'Qy) = TiiRQX,RQY), 
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r^e QX, QY - Ko4)H6paHTHi>ie 3aMeHi>i oSi-eKTOB X n Y e C, nojiynaeMbie nyTeM pasjioaceHHfl 
OToSpajKeHHii — > X b KOMno3Hi];Hio QX -^^^ X , r^e Px - TpHBnajibHoe paccjioeHne; RX 

nojiynaeTca h3 pasjioaceHHs OToSpaaceHHfl X — > * b KOMno3Hi];Hio x'~^^ RX se- * > ^i^e ix - 

TpHBHajibHoe KopaccjioeHHe. 

B cjiynae MOflejit>Ht>ix KaTeropHil, Ho{C) HMeex npHBtinnyio HHTepnpeTaii,Hio [3], xax jioKajinaa- 

I];Hfl C OTHOCHTejIBHO MOpcj^HSMOB, KOTOpbie flBJiaiOTCfl CJiaSblMH SKBHBajieHTHOCTflMH. Bojiee TOHHO: 

Onpe^ejieHHe 9. [3] Uycm'b C - KamesopuA, W C Mor{C) - KJiacc Mop^usMoe. 0yHKmop F : C 
— > V HasueaemcA JioKajiu3av,ueu C omHocumeAbHO W , ecAu: 
(i) F{f) H6AHemcH usoMopcfiusMOM Bar Kaofcdoso f & W, 

(a) ecAU G : C — > V - (fjyHKmop, nepeeodnvnuu aAeMenmu U3 W e U30Mop^U3MU, mozda 
cyui,ecmeyem eduHcmeeHHUu (^yuKmop G' : V — > V, G'F = G. 

TeopeMa 3.1. [54, sa.I, 1.13], [33] Uycmb C - ModeAhnan Kameeopun u W - kagcc CAa6ux 9k- 
eueaAeHmHocmeu. Tosda ^yuKmop 7 : C — >■ Ho{C) AeAsiemcA A0KaAU3av,ueu C omHocumeA'bHO W . 

FoMOJiorHHecKyio ajireSpy fljia MOflejitHbix KaTeropnii yfloGno onpeflejiHTb, xax jieBbie hjih npa- 
Bbie npoHSBOflHbie 4)yHKTopi>i LF, RF : Ho{C) — > T> fljia neKOToporo 4)yHKTopa F :C — >T>. 

Onpe^ejieHHe 10. ]54, sa.1, §4] UpednoAOCHCUM,, nmo C - ModeAhuasi Kamesopusi u umo F : C 
— > V - (fiyuKmop. PaccMompuM napu {G,s), cocmomu,ue U3 (^yuKmopa G : Ho{C) — > T) u ecme- 
cmeeHHoeo npeo6pa3oeaHUH s : G7 — > F. Togda AeeuM npou3eodHUM (pyuKmopoM Oah F Ha3uea- 
emcA napa {LF, t) ynueepcaAbHaH CAeea e CAedywmeM cmucac, nmo ecAU {G, s) - Kanafi-mo dpysan 
napa, mo cymecmeyem u eduHcmecHHoe ecmecmeeHHoe npeo6pa306aHue s' : G ^ LF maKoe, nmo 

KOMno3um ecmecmeeHHUx npeo6pa3oeaHuu G7 (LF)^ A F MeAMemcn ecmecmeeHHUM npeo6- 
pa306aHueM s. (AnaAosuHHUM o6pa30M onpede/iAemcA npaeuu npou36odHuu ^yuKmop [54]-) 

Cjie;];yioiri;ee yTBep>K;];eHHe-onpe;];ejieHHe h ero cjiejxcTBue c hsGbitkom noRpbiBaioT Heo6xo;];HMt>ie 
HaM ocHOBaHHH ^jm iiocTpoeHHH Hea6ejieBOH roMOjiorHHecKoft ajire6pbi b KaTeropHH iipo-C!:-rpyiiii: 

Onpe^ejieHHe 11. ]33, 7.1] Ilycmh C - cuMnAuyuaAhuafi ModeAtnafi namedopuH u A - neno- 
mopafi KamesopuA. UpednoAOOKUM F : C — > A - (fiyuKmop, Komopuu nepeeodum CAa6ue SKeuea- 
AeHmHocmu Meofcdy K0^u6paHmHUMU o6'5eKmaMU e u30Mop^u3MU. OnpedeAUM momaAbHuu Aeeuu 
npou36odHuu ^yuKmop 

LF : Ho{C) A, 

noAasuA LF[X) — F[Y), ede Y ^ X - mpueuaAhHoe paccAoenue u Y K0(fju6paHmeH. 

CjieflCTBHe 4. Uycmh X E C. Ecau X K0(fju6paHmeH, mo LF{X) = F{X). Ecau Y ^ X cAa6aA 
3K6U6aAeumu,ocmb u Y K0(f)u6paHm,eH, mo LF{X) = F{Y). 

CKOHi],eHTpHpyeM BHHMaHHe Ha 4)yHKTopax F : sGr^^°~'^ — > ylfe^*'""*^, KOToptie MoryT Gbitb npe^- 
CTaBjieHBi B BHfle KOMno3Hn;HH F — AT, r^e 

T : sGrP'"-^ sGr^'"-^, 

npH 3T0M T coxpaHfleT CHMnjiHi^HajitHbie roMOTonHnecKHe SKBHBajieHTHOCTH h 

A : sGr^"-'^ A¥"'°-'^ 

4)yHKTop roMOTonHHecKHX rpynn CHMnjiHi^HajiBHoft npo-C-rpynnbi 

A{G)^Y[7:,{G). 

i>0 

OyHKTopti TaKoro BH^a yflOBjieTBopaiOT ycjiOBHSM onpeflejienHa 11, t.k. T nepeBOflHT cjiaSbie 

SKBHBajieHTHOCTH MeJK^^y Ko4)H6paHTHt.IMH oGl-eKTaMH B CJiaGbie SKBHBajieHTHOCTH. SaMCTHM, Ka>K- 

flbiH oGi-eKT B sGrP^"~'^ 4)H6paHTeH. Ho Teopene YattTxefla [33, Teopena 1.10], ecjiH / - cjiaGaa 
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roMOTonHHecKas SKBHsajieHTHOCTb MejKfly Ko4)H6paHTHMMH oSijeKTaMH, TO / - roMOTonHHecKaa 3k- 
BHBajieHTHOCTb. nocTpoeHHH roMOTonHH B ;];oKa3aTejibCTBe xeopeMbi YaiiTxe^^a mojkho BbiGpaxt. 
KaHOHHHecKHH ii,HjiHHflp-o6T3eKT BHfla X ® I ( T.K. y Hac cHMnjiHii,Hajit>Haa MOflejibHaH KaxeropHa); 
nosTOMy MOJKHO CHHTaTb, HTO / - CHMnjiHii,Hajii>Haa roMOTonHHecKaa SKBHBajieHTHOCTb. Tor^a, t.k. T 
coxpaHJieT CHMnjiHii,Hajii.Hi>ie roMOTonHnecKHe SKBHBajieHTHOCTH, to T(f) - CHMnjiHi^HajiBHaa roMO- 
TonnnecKaa SKBHBajieHTHOCTb. OTKy^a no [33, npefljioxceHne 1.14] T(f) - cjiaSaa SKBHBajieHTHOCTb. 
OneBH^^HO, HTO A nepeBO^^HT cjiaGbie SKBHBajieHTHOCTH b h30mop4)H3ml.i. 

MHOJKecTBo ocMbicjieHHBix npHMcpoB BOSHHKaeT H3 (jDyHKTopoB T : Gr^^°~'^ — y Gr^^°~'^, oGjiafla- 
ioiii,Hx CBoiiCTBOM T[id) = id, t.k. nocjieflnee ycjiOBne o6ecneHHBaeT coxpaneHHe CHMnjiHii,Hajii>Hi>ix 
roMOTonnnecKHx SKBHBajieHTHOCTeii 4)yHKTopoM sT : sGr^^°~'^ — > sGr^^°~'^, nojiyHenHbiM hokomho- 
HeHTHbiM npHMeneHHeM T k CHMnjiHi^HajibHoii rpynne. 

PaccMOTpHM, cjie^yfl jihhhh [45, A. 13], npHMepti 4)yHKTopoB, npeflCTaBHMbix b bh^g A o sT. 
HycTb 

. Q^pro-a _^ Q^pro-€^ T(l) = 1, 

Torfla H3 HaniHx npe^bi^ymHx paccyacfleHHtt cjie^yeT, hto 7r„(T(X)) ne 3aBHCHT ot Bt.i6opa cbo6o^- 
Hoii CHMnjiHii,HajibHOH iipo-2!:-pe30Jii>BeHTi>i X npo-C-rpynnbi G (sto cjie^yeT Taicace h h3 [Teop. 1.5]), 
H onpeflejiHM jieBbie npoHSBOflHtie 4)yHKTopi>i (JjyHKTopa T, kok 

2.i{T):G^7ri{T{X)),i^0. 

Tax KaK 7ri{T{X)) - aSejieBbi rpynnbi npn i ^ 1 [44], to nojiynaeivi cJjyHKTopbi 

2.i{T) : Gr^'""-^ AhGr^"-^, i ^ 1 

£o{T) : GrP'"-'^ Qj.pro-<t^ • ^ q 

IIpHMep 2 (npoH3Bo;];Hbie (JjyHKTopa mod-p-a6ejiHaHH3aii;HH) . Uycmb G - npo-p-spynna, 
o5o3HaHUM ^{G) ee nodspynny 0pammuHU. Tosda 

Abp : GrP^°-P AbGrP^^-P 

- ^yuKmop U3 Kamesopuu npo-p-spynn e Kamesopum a6eM,e6ux npo-p-spynn sKcnoHeHmu p, Komopuu 
cmaeum npo-p-spynne ee cfjaKuiop-epynny no nodspynne (PpammuHU, KomopaA [61] Oaa aadauHou 
npo-p-spynnu G coenadaem c Gp[G,G]. 

Uycmb X - c6o6odHaA cuMnjiuv,uajibHaji pesojibeeHma npo-p-epynnu G. Mu ymeepcHcdaeM, nmo 
UMeem Mecmo cjiedytomee: 

IIpedjiootceHue 5. £,nAbp{G) := 7r„(X/$(X)) = Hn+i{G), sde Hn{G) = if„(G,Fp) e cmucac [65]. 

^OKasaxejifaCTBO. PaccMOTpHM 6HCHMnjiHii;HajibHyio npo-p-rpynny: 

Yij — ¥p[[WXi]j] — ¥p[\ Xi X . . . X Xjj ], B KOTopoii BepTHKajibnaa CHMnjiHii,HajibHafl CTpyKTypa 

j-pa3 

(na nonojiHeHHOM rpynnoBOM KOjibii;e) B03HHKaeT h3 CHMnjiHii;HajibHOH CTpyxTypbi na Xj, a ropH30H- 
TajibHaa hcxo^ht h3 cHMnjiHii,HajibHOH cTpyKTypbi na Fp[[iyX]], Tax kslk WX - cHMnjiHii,HajibHoe 
npoKOHeHHoe npocTpancTBO. 

1) EcjiH 3a4)HKCHpoBaTb HHfleKC j, TO Mbi nojiyHHM CHMnjiHii,HajibHyio rpynny BH^a Fp[[ X x x Xj ] , 

j-pas 

i HSMeHfleTca. Tax kok Xj_ - CBoSoflHaa CHMnjiHi^najibHaa pesojibBCHTa, to: 

7ro(Fp[ [X X . . . X X] ]) = ¥p[[W,{G)]], i ^ 0, 7r^(Fp[ [X x ... x X] ]) = 0, n ^ 1 
j-pas j-pa3 
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3to jierKO cjie^yeT h3 onncaHHa flflep roMOMop4)H3MOB rpynnoBbix KOJieii;, HHflyii;HpoBaHHbix 
roMOMop4)H3MaMH cooTBeTCTByiomHx rpynn [4, 7]. SaMenaa, hto roMOJiorHH KOMnjieKca 
coBnaflaiOT c roMOJiornaMH npo-p-rpynnti G, nojiynaeM 

By^eM HcnojibSOBaTb cnexTpajiBHyio nocjieflOBaTejiBHOCTb KBHjijieHa co c/j,BHroM BBepx Ha e/j,H- 
HHi];y. A HMeHHO 

Elm «-Ayi^l Dim = <{^KG) 



^jifl 3T0H SnperyjiflpHOH cneKTpajitHOH nocjieflOBaTejitHOCTH HMeeM E"^ 



2 

m 



Hn{G), ecjiH m — l, 
0, ecjiH m 7^ 1. 

C flpyroii CTopoHbi, b o6o3HaHeHHflx [16, rji. 8] E'^^^ = E'^^^ = jp^T^, r^e if„,i = -D^_,_2,_i, a 
Hn-1,2 — Mbi yTBepjKflaeM, hto i?n-i,2 = 0, fleficTBHTejiBHO, B CHjiy [16, rji. 8, (P98)], HMeeM 

TOHHyio nocjieflOBaTejiBHOCTB — >■ Hn-2,3 — ^ — >■ ~^ 0; E^_i 2 — 0, cjie;];oBaTejibHO 

Hn-2,S = aHajIOrHHHO p^JI^L Hn-2,3 i/„_3,4 Hn-2,3 "> E^-2,3 " ^ 0) HO £",^2,3 = ^ 

Hn-3,i = Hn-2,3- HTcpHpya 3TOT cHycK, nojiyHHM Ha (n — l)-oM mare, hto Hq ^+i — -f^-i,n+2 = 0, 

OTKyfla Hn-1,2 = 0. 

CoGnpafl Bce BbiHHCJienHa BMecxe, nojiynaeM = E!^^ = j^"'^^ — Hn,i = D^+2,-i- 
^jia BbiHHCJieHHa Dn_^_2 _i paccMOTpHM nocjieflOBaTejiBHOCTB TOHHoii napti 

k ^ ^ 

= En+2,0 -Dn+1,0 ^ -^n+2 -1 ^ -^n+l,0> ^ 0. 

T.K. £'^_|_2,o = -^n+1,0 — nojiynaeM, hto i'^ - h30mop(J)H3m, cjieflOBaTejitHO Dn_^2,-i = — 

-^n+1,0- OcTaeTCa 3aMeTHTI>, HTO -D^+i_o — 7''n+l(^^°^) — '^n+l{^Y). 

2) EcjiH 3a4)HKCHpoBaTb HHfleKC i, TO nojiyHHM BepTHKajiBHyio CHMnjiHii;HajibHyio npo-p-rpynny, 

KOTopaa cyxb Fp[[W^Xj]]. SaMexHM, hto ee roMO,norHH - 3to b tohhocth roMo.norHH cbo6o;];hoh npo- 
p-rpymibi Xj c K094)(|)Hii,HeHTaMH b ¥p, KOTopbic, KaK H3BecTHo [65], paBHbi Ho{Xi) = ¥p, Hi[Xi) = 
Xi/^{Xi) H Hn{Xi) = fljia i > 1. HojiynaeM, iio^cTaBjiflfl b cneKTpajibHyio nocjieflOBaxejibHOCTb 
KBHjijieHa 

UniX/^X)), m=l. 

Elm = «{yij) = I Fp, m=0,n=0, 

[0, ecjiH m ^ 1 n {m — 0,n — 0). 

^jifl 3T0H cneKTpajibHoii nocjieflOBaTejibHOCTH anajiornHHO nepBOMy cjiynaio 

TTniXmX)) = El, = E~ - Dl^,^, - 7r„+i(AQir) - 7r„+2(AF) 

Coe^HHSH cjiynaH 1) h cjiynafi 2), nojiynaeM £„A6p(G') = 7r„(X/$(X)) = 
IIpHMep 3 (OyHKTop OpaTTHHH). Uycmt) G - npo-p-epynna, 

- ^yuKmop, sadauHuu (fiopMyAou 

T -.G ^GP[G,G] 

Ecjiu aadano KonpedcmaeAenue 1 — > R — > F — > G — > 1, mo 6e3 oapanuHeHUH o6ui,Hocmu 
MoofCHO CHumamb, nmo R C Fp[F, F]. dmoso ecesda mochcho do6um'bCA, ucK/itoHaA us coomHomeHuu 
oSpaaytomue F u yMeuhmasi, ecAu nado, pam F, m.e. ucnoAbsyA MUHUMaAhuoe KonpedcmaeAenue 
npo-p-epynnu G {rankF — dim^^H^{G)), KOAUHecmeo coomHomeHuu 6ydem paeno dim^^H2{G) , 
CM. [65]. 
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IIoKaoiceM, Hmo Ci^(G) = < i^^l^,^' 

[Hi+2{G), i>0. 

PaccMompuM KopomKym moHHyw nocjiedoeame/ibHocm'b cuMn/iuVtUaji'bHux npo-p-spynn 

1 ^ X/^X) 1. 

T.K. TTniX) = npu 1, cpasy noAynaeu, nmo 7r„($(X)) = 7r„_|_i(X/$(X)), 1, cjiedoeame/i'b- 
Ho Ci^{X) = Hi+2{G), i > 0. 

BuHucAUM snaneHue Cq^{G) = 7ro($(X)). B mgaux pasMepHocmnx — > 7ri(X/$(X)) — )■ 



7ro($(X)) ^ 7ro(X) -> 7ro(X/$(X)) -> 0. Ha panee doKasauHoso 7ri{X/<^{X)) = H2{G) ^ R/Rp[R,F]. 
Ms anajiusa cesi3U6amm,e2o soMOMopcpusMa KounjieKcoe Mypa cuMnAu%ua.A,f)Hux npo-<t-2pynn, no- 
jiyneHHUx U3 neKomopoeo KonpedcmaejieHUH G, mo6ou ajieMenm (iV(X/$(X)))i He/iHemcA o6pa30M 
HeKomoposo ajieMenma U3 {NX)i (doKasame/i'bcmeo TeopeMU I.4 e [38]), ho d\{NX)i coenadaem 
c R. C dpysou cmoponu, m.K. R C $(Xo), jicho, nmo soMOMop^usM 7ri{X/^{X)) — > 7ro($(X)) 
coenadaem c 20MOMop(pu3MOM j^p^^p^ — ^ '?i"o(^(-^o)); ^P'^^ amoM, m.K. naM useecmno, nmo ndpo 

maKoeo 20MOMop(f)U3Ma uyAeeoe, umccm 1 — > rp[rf] — ^ ^o('^*(-'^)) — > G — > G/Gp[G,G] — )■ 1, 

omKyda 1 7ro($(X)) Gp[G,G] I. C dpysou cmoponu Gp[G,G] ^ ^Iim^ 

m.K. G/(FP[F, F]/R) ^ {F/ R) /{Fp[F,F]/ R) ^ F/Fp[F, F] ^ G/Gp[G,G\, mosda 1 ^ ^ 



RP[R,F] 



IIpHMep 4 (IIpOKOHeHHblH cJjyHKTop JIh). 

Uycmh C-KAacc ecex Konennux zpynn, T : GrP^"^'''"^*^ — > ^fjQj.profmite _ ^y^i^uiop, sadannuu 
^opMyAou G — > G/[G,G]. BuHUCAcnufi c ucnoAbsoeanucM cncKmpaAbnou nocAedoeamcAbnocmu 
KeuAAcna, anaAosunnue npuMcpy 3, datom 

jCi{Ab)^Hi{G,Z) 

HecKOAbKO CAOofcnee cumyaii,UA e CAynae, Koeda (fiynKmop T : GrP^"^^"'^^^ — > GrP^^f^"'^^^ onpede- 
AAcmcA npaeuAOM 



Hmccm paccAoenue cuunAwnuaAhnux npo-€-3pynn 1 — > [X,X] — > X — > X/[X,X] — > 
Coomeemcmeymvuafi dAunnan monnasi nocAedoeameAhnocmb soMomonunecKUX spynn eACuem 
Ci{LieG) ^ Ci+i{Ab),i ^ 1, m.e. Ci{LieG) = Hi+2{G,Z),i ^ 1. 

OcmaemcH nocnumamh Co{Lie). Hmccm monnyw nocAcdoeamcAhnocmh 



^ 7ri(X/[X,X]) ^ 7ro([X,X]) ^ 7ro(X) ^ 7ro(X/[X,X]) ^ 1 



OTKy^a ^ 7ri(X/[X, X]) ^ 7ro([X, X]) [G, G] > . Ho 4)opMyjie Xon^ja, cm. [49, 

8.2.3] Tri{X/[X, X]) = H2{G,Z) = 5^^^. OGosnanHM F — Xq, Tor^a ecjiH e npo4)aKTopH30BaTi. no 

4. Ot ci/iMn/ii/1141/ia/ibHbix peao/ibBGHT k 
CKpemeHHbiM i/i i^enHbiM KOMn/ieKcaivi 
(2-MepHa5i npoKOHGHHa^i roMOToni/i5i). 

KaK 6t>ijio noKasano b npe;];t>i;];yiri;eH rjiane, CBo6oflHaH CHMnjiHi^najibHaH npo-C-pc30,nbBeHTa X 
saHHMaeT Bbicmyio no3Hii,Hio b nepapxHH oGteKTOB, xapaKTepH3yioiri,Hx roMOTonHnecKHe cBottcTBa 
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npo-C-rpynnbi G. H3 nepBofi nacTH paSoTbi cjieflyex, hto saflaHHe oSpaayiomHMH h cooTHomeHH- 
HMH cjie;];yeT paccMaTpHBaTb, xax neKOTopyio l-cpesaHHyio CBo6oflHyio CHMnjiHi^najiBHyio npo-£- 
peaojiBBeHTy 



HanoMHHM, HTO HMeeTCfl napa conpflacenHbix cJjyHKTopoB: sGr^° sGr^" ^, r^e 4)yHK- 

cosfe" 

Top cosk""- flBjiaeTCfl npaBbiM conpajKeHHbiM k tr"'. HsBecTHO [24, 1.3] 7rn{cosk^sk^{X)) — npn 
n > 2, TBM caMbiM, c roMOTonHHecKoii tohkh speHHH, KOMSHHaTopnafl Teopna rpynn cyTb Bonpoc 
06 HsyneKHH 2-THnoB hjih, xax oSijacHeHO b [24, 49, 50], hx ajireSpanHecKoii MO^ejiH - CKpeii];eHHi>ix 
MOflyjiett. 

C KajKflbiM KonpeflCTaBjieHHeM, cjie^ya [22, 49, 50], mojkho CBaaaTb CKpemeHHbifi MOflyjit Konpefl- 
CTaBjieHHfl, KOToptiii MOJKHO HcnojiBSOBaTb fljifl nocTpoeHHfl HaHajiBHoii nacTH CBoSoflHoii Z£[[G]]- 
pesojibBeHTbi, Hcnojibsyfl nocjieflOBaTejiBHOCTb Kpoysjia-JlnHflona. B 4)yHflaMeHTajii>HOH paSoxe o 
KjiaccHcjDHKai^HH TeopeTHKO-rpynnoBbix thhob ;];HCKpeTHL.ix CHMnjiHi^HajibHbix rpynn [24] KappacKO 
H Ll,erappa ^jih Kaac^oil CHMiijmu,HajibHOH rpynnbi H BBejm KOMiijieKC {Cn,dn = d"^), r^e Cn{H) = 
{NHnnDn)dn+!(NH„+inDr,+,) ' nocTpoeHHBiH H3 KOMnjiCKca Mypa(iVif„,rf;^), - no^rpynna b no- 
poacfleHHaa BtipojKfleHHBiMH sjieMeHTaMH. B [47] flOKaaano, hto KOMnjiexc €{H), aBjiaion^HHCfl kom- 
njieKCOM CKpenj,eHHi>ix MOflyjieii, a b cjiynae, Kor^a H - CBoSoflHaa CHMnjiHn;Hajii>Haa peaojitBeH- 
xa, GypfiT cbo6o;];hoh CKpemennoH pesojibBenTon rpynnt.1. Mt>i ne CTaBHM ce6e sa^^any nepenecTH 
3TH pesyjiBTaTbi b iipo-C-cjiyiaii b iio,;inoH oSmnocTH, o/],HaKO iiOKa>KeM, hto CKpemeHHbiii MO/],yjib, 
B03HHKaioin,HH H3 CBo6o^Hoil cHMiijmij,HajibHOH pesojibBeHTbi, corjiacHo Hfleojiornn [24], coBiia/],aeT 
CO CKpen],eHHbiM MO^yjieM npo-C-KonpeflCTaBjienHfl. CjieflOBaTejibHO, b HameM pacnopaacenHH OKa- 
3biBaeTCfl MOCTHK, KaHOHHHecKH CBfl3biBaioni,HH CBo6oflHyio CHMnjiHn,HajibHyio npo-£-pe30JibBeHTy c 
KjiaccHHecKOH roMOjiorHHecKOH Teopnen rpynn. 

HanneM namn nocTpoennji c yTBepjKfleHHa HeoGxoflHMoft TepMHHOJiornH CKpem,eHHbix MOflyjiett 
H KOMnjieKcoB, cjieflya [22, 49, 50]. 

Onpe^ejieHHe 12. IIpo-it-npedcKpemeHHUu Modyjit> cocmoum U3 npo-C-epynn G2, Gi; Gi nenpe- 
pueno deucmeyem cjieea na G2 (91,92) — > ^^92, u Henpepuenoso 30MOMop^u3Ma npo-C-spynn 

d:G2^Gi 

maKoso, nmo d/iA ecex g2 G G2,9i G Gi 

CM 1). ar^2) = 9id{92)9l' 

Onpe^ejieHHe 13. IIpo-C-npedcKpemeHHUu Modyjib naaueaemcA npo-C-CKpemeuHUM, ecjiu do- 
nojiHumeji'bHO eunojiHeno mocHcdecmeo: 

CM 2). ^(^^^52 = 929292' 

Toofcdecmeo CM 2) nasueaemcfi Ilau^epoeuM moofcdecmeoM. 

B daAbHeumeM 6ydeM o6o3HaHarm> maKou npo-€-CKpeiu,eHHUu ModyAt> {G2,Gi,d). 

Onpe^ejieHHe 14. MopcfjusMOM npo-(t-CKpeut,eHHUx Modyjieu {G2,Gi,d) — > {G'2,G[,d') naau- 
eaemcH napa nenpepuenux 30MOMopcf)U3Moe 

if : G2 ^ G'^ u^Ij : Gi ^ G[ 

^{''92) =^^''^ ^{92) u d'^{g2) = i^d{g2). 
Bo3HHKaiom,aa KaTeropna npo-£-CKpem,eHHbix MOflyjiett 6yfleT o6o3HaHaTbCii ModC^^°~'^. 
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^jifl Hac KjiiOHeBoe sHaneHne Sy^yT nrpaTb CKpeiii,eHHL.ie MOfl;yjin, B03HHKaioii],He h3 KonpeflCTaB- 
jieHHii npo-C-rpynii. IlycTb sa^^ano Konpe;];cTaBjieHHe P = (X, R) npo-€-rpynni>i G, T.e. b HameM 
pacnojiojKeHHH HMeexca KopoxKaa xoHHaa nocjieflOBaxejiBHocTb 

1 N(R) F(X) ^G^l, 

r^e F - CBoSoflHaa npo-C-rpynna na aaMKHyxoM npoKoneHHOM npocxpaHCTBe X,R - aaMKHyxoe 
noflnpocxpancxBO b F n N — N(R) - saMKHyxaa HopMajiBHaa iio/j,rpynna, nopojKfleHHaa R. Fpynna 
F fleiicxByex nenpepBiBHO na N conpfljKeHHeM g g — fgf~^, g & N, f & F. 

JXjis ^ajiBHeftinHX nocxpoeHHfi naM noxpeGyexca necKOJiBKO Gojiee cjDopMajibHaji KOHCxpyKi^HH, mbi 
paccMoxpHM KonpeflcxaBjieHHe, kslk xpoiiKy {X,R,u!), r^e R - npoKOHCHHoe npocxpaHcxBo, cu : R 
— > F - HenpeptiBHoe oxoSpajKeHne R b F, r^e F - CBoGoflHaa npo-£-rpynna na npoKoneHHOM npo- 
cxpancxBe X. BjieMenxbi R Sy^eM o6o3HaHaxi> rpenecKHMH p, a, r, a sjieMenxbi a;((T), a;(r),... 
us R — uj{R) jiaxHHCKHMH T, s, t, ... Hycxi. F^(XUR) - CBo6o;];HaH npo-C-rpynna na npoKoneHHOM npo- 
cxpaHCXBe XU^. HycTB H - 3xo HopMajibHoe saMbiKaHHe R b F^{XUR). IlocxpoHM Q : H — > F{X), 
KoxopbiH nojiynaexca orpaHHHeHneM na H roMOMopcJiHSMa O : F(r{XUR) — > F{X), sa^anHoro na 6a- 
SHCHbix sjieMeHxax XURuo (J)opMyjiaM: Q{x) = x, x E X, 0(p) = u{p) = r, p E R, uj{p) = r, r & R. 
5IcH0, Hxo Q{H) — N(R). Ecjih aaMexHXb, hxo F,f(X U R) ^eiicxByex na ce6e cjieBa conpajKeHHeM, 
xo © flBjiaexca onepaxopHbiM roMOMop4)H3MOM Q{^g) = fQ{g)f~^, f E F, h E H. 

OneBH^tHO, HTO jiJis {F, H, O) BbinojiHeHO CMl) =^ (F, H, O) - npo-€-npe;];cKpeiri;eHHbm Mo;];yjib. 
3jieMeHXbi Ep := Ker0 nasbiBaioxca xojK^ecxBaMH cpe^H cooxHomeHHH. Fpyrma E coflepacHx one- 
BHflHbie xojKflecxBa cpe^H cooxHomeHHH BH^a 

(p(7p-^)(V)-\ rfle p,aER 

J\jia 4)opMajiH3ai];HH sxoro 4)eH0MeHa BBe^eivi naH4)epoBbi KOMMyxaxopbi {a,b) — aba~^{^^^^b)~^ 

Onpe^ejieHHe 15. Upo-^-cKpew^eHHUM ModyjieM Konpedcmae/ieHUA HoaueaemcA npo-€-CKpemeHHUu 

ModijAh [H/ P,F,d), gde P - IJauif^epoea nodzpynna {H,F,d), m.e. aaMKHymasi nodspynna e H, no- 

pootcdeHHan UaucfiepoeuMU KOMMymamopaMU. 

KoppeKTHOCTb 3Toro oiipe^ejieHHH HeMe^jieHHO cjieflyex h3 cjie^yiomero o6mero iipe^jioJKeHHa. 
npe/i,jio:a<;eHHe 6. [22j Uycmb {G2,Gi,d) - npo-C-npedcKpemeuHuu ModyAh, mosda: 

1) Uau^epoea spynna P npo-€-CKpemeHHOso Modyjisi - amo aaMKHymaA nodspynna G2, nopoofc- 
deHHttH IJaucfiepoeuMU KOMMymamopaMU, Ae/iAemcA HopMa/ibHou u Gi-UHeapuanmHou. 

2) (G2/-P, - npo-C-CKpemeHHUu Modyjib u Mop^usM npo-€-npedcKpemeHHUx Modyjieu 

ip:{G2,G^,d)^{G2/P,G^,d) 

o6Aadaem ynueepcaAbHUM ceoucmeoM omHocumejibHO Mopcf)U3Moe U3 {G2, Gi,d) e npo-€-CKpevj,eHHue 
Gi-ModyAU. 

Ecjih G - npo-£-i pyiiiia, a P = (X, R) - ee Konpe^cxaBjieHHe, xo mojkho ^axb 6ojiee xoHHoe onn- 
caHHe H. Hycxb H - CBoSoflHaa F-onepaxopnafl npo-£-rpynna na npocxpancxBe R c jieBbiM fleiicxBH- 
eM F{h,u) ^-)■" h, h E H, u E F, x.e. H - CBo6oflHaa npo-p-rpynna na npoKoneHHOM npocxpancxBe 
Y = R X F, sjieMeHXbi Koxoporo 6jjieM sanncbiBaxb b BH^e "p, p E R,u E F, ^p o6o3HaHaexcfl, KaK 
p, ~^{^p) :=~" /O Hjm "(~^p). Torfla HMeex Mecxo 

npe/i,jio:a<:eHHe 7. [31, Corollary 2.2] Uycmb F{XUR) - ceododnasi npo-^-spynna, nopoMcden- 
HttA X U R. Tosda H uaoMopcfjua HopMaAhHOMy saMUKaHum R e F{X U R). 

^OKasaTejibCTBo: OxMexHM, hxo 3aMKHyxocxb Kjiacca C oxHOCHxejibHO pacmnpeKHH cyii],e- 
cxBeHHa npH flOKa3axejibcxBe npefljioaceHna, x.k. Hciiojibsyexcji [31, xeopeivia 2.1]. Kl 

Tenepb mm MOJKeM jiaTh xoHHoe onncaHHC IlaHcjDepoBOH noflrpynnbi npeflCKpeiii,eHHoro MOflyjia, 
B03HHKaioin,ero h3 KonpeflcxaBjieHHS npo-C-rpynnbi. 
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IIpe^jioaceHHe 8. Uycmb {H, F, 9) - npo-€-npedcKpemeHHUu F-Modyjit>, coomeemcmeytomuu 
KonpedcmaeAeHuw P = (X, R, u) . Toeda IJaucfiepoea zpynna P Ae/iHemcH HopMcwbHUM aaMUKanucM 

e H 6a3UCHUx Uaucfjepoeux aAeMenmoe {a,b) , a,b E R x F. 
floKasaTejibCTBO cjie/],yeT h3 o5iii,ero yTBep>K/j,eHHH: 

IIpefljioxceHHe 9. nycmt> {G2, Gi, d) - npo-(t-CKpeiu^eHHUu Gi-ModyAh, nycmb V - MHOotcecmeo 
oSpaaytomux G2 maKux, umo V Ae/isiemcA Gi-UHeapuanmHUM. Tosda Uau^epoea nodspynna P 
coenadaem c HopMa/ibHUM aaMUKanucM e G2 npocmpaHcmea Z Uau^epoeux KOMMymamopoe 

{a, b) , a,b & V. 

^OKasaTejibCTBO. HpeflCTaBjiaeT co6oh KOMnHjumHio paccyjKfleHHH h3 ^HCKpeTHoro cjiynaa 
[22, npeflji.3].K 

riepeHHCJiHM ocHOBHbie sjieMeHTapHbie CBoiicTBa npo-C-CKpeiii,eHHi>ix MOflyjiefi [22, 49, 50]. 
riycTb {G2,Gi,d) - npo-€-CKpeii],eHHi.iH MOflyjit. 

JleMMa 4.1 ("06pa3bi HopMajibHbi"). nycmt N — had, mosda N <Gi. 

JleMMa 4.2 ("H;];pa ii;eHTpcUibHfci"). Uycmt, A — Ker9. Todda A jieotcum e ii,eHmpe G2- 

JleMMa 4.3. (Gi-deucmeue npeepaxuflem A e Tja^GiW-Modyji-b) 

3aMKHyman HopMajibHUA noddpynna N = Imd < Gi deucmeyem mpueuajibHO na A, cjiedoea- 
mejibHO A mAHemcH npoKoneHHUM jieeuM 'L,£[[Gi/ N^^-ModyACM. 

JleMMa 4.4 (" A6ejiHaHH3ai];H5i"). A6eAuaHU3aVtUH G2^ — G2/[G2,G2] UMeem cmpyKmypy 

Aeeoso npoKOHeHHOso Z^HGi/ N]]-ModyAsi. 

EcTecTBeHHO, HTO H A^"^^ TaKJKe HMeeT CTpyKTypy iipoKone'iHoro Z(y;[[Gi/A^]]-MOflyjiH. 

llpefljiojKeHHe 10. [22j Uycmh {G2,Gi,d) - npo-C-CKpemeuHuu ModyAt>, mosda undyv^upoeaH- 
Huu U3 d Mop(fiu3M dacm moHHyto nocAedoeameAbHocmb npoKOHCHHUx 1.^[[Gi/ N]]-ModyAeu 

A^Gf ^ N^^ 

Boo6iii,e roBopfl, flflpo roMOMop4)H3Ma A ^ G2'', paBHoe A n [G2, G2] neTpHBHajiBHO. ^efi- 
CTBHTejibHO, cjieflyfl [49, 22], paccMOTpHM CKpcmcHHbiii MO^yjib d : G — > AutG, r^e G - KoneHHaa 

;];H3;];pajibHa5i rpynna, Aut G ^^eficTByeT na G (iiohhtho Kax) , a d uepeBOfl^nT sjieMCHT g E G b 
aBTOMop(J)H3M conp3>KeHHH. 5^cHo, HTo Kei c? = ZG - ii,eHTp rpynnti, ho b flHSflpajiBHOH rpynne 
ZGn[G,G] 7^ 1. 

OflHaKO, B cjiynae, Kor^a d : G2 ^ N flonycKaeT HenpeptiBHoe pacmenjieHne, HMeeT MecTO 
llpefljioaceHHe 11. Uycm'b {G2, Gi,d) - npo-ft-cKpemenHuu ModyAh, 1 — > A — > G2 — > N — > 1 

- moHHaH nocAedoeameAhHocm'b A = Ker d, N = lmd u 3nuMop(f)U3M UMeem Henpepuenoe pacm,en- 
ACHue, m.e. cymecmeyem s : N — > G2 : dos = idjv, mo UMeem uecmo moHHan nocAedoeamejibHocmb 

O^A^Gf^N^^^O 

^OKasaTejibCTBO. HycTb 3a/],aHO HeiipeptiBHoe pacmeHjienne s : N — > G2, Tor^a G2 = AXs{N). 
T.K. A - ii,eHTpajii>Ha, to Bce KOMMyTaTopti jieacaT b s{N), a, cjieflOBaTejitHO, A n [^2,(^2] C ^ n 
s{N) = IM 

BajKHbiM KjiaccoM npo-C-CKpemeHHbix Mo^^yjieii, k KOTopbiM othochtch, b nacTHOCTH, npo-£- 
CKpemeHHbie Mo^yjiH, B03HHKaioiri;He h3 KonpeflCTaBjicHiiii npo-C-rpynn, sBjiHioTca cBo6oflHbie npo- 
C-CKpeiii,eHHbie MO^yjiH. Hx ocoGenHOCTbio aBjiaeTca cymecTBOBaHne nenpepBiBHoro paciii,enjieHHa, 
a cjieflOBaTejiBHO h tohhoctb nocjieflOBaTejitHOCTH — > A — > — > N^^ — > 0, hto CTaneT kjiio- 
HeBbiM MOMeHTOM B peajiH3ai];HH Hamefi 3aflaHH no ycTanoBjieHHio cb5I3h MejK^y CKpemeHHbiMH mo- 
pyjisMR Konpe;];cTaBjieHHH rpynn h nocjie;];oBaTejibHOCTbio Kpoysjia-JInnzioHa, KOTopaa onpe^ejiaeT 
Hanajio KaHOHHHecKott Z£[[G]]-pe30Jii>BeHTi>i KonpeflCTaBjieHHs npo-C-rpynnbi G. 
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riycTi. {G2,Gi,d) - npo-C-npeflCKpemeHHMH Mo^yjib, R - npoKoneHHoe npocTpancTBO is. f : R 
— )■ G2 - HenpepbiBHoe OTo6pa>KeHHe. ToTj\a, {G2, Gi, d) - CBo6o;];HbiH npo-C-npe^^cKpemeHHbifi Mo^yjit. 
c 6a3HCOM /, ecjiH ^jih jiroGoro npo-C-iipeflCKpemeHHoro Gi-Mo^yjia {G2, Gi, d') h 4)yHKLi,HH /' : R 
— > G'2 TaKoii, HTo d' f = df, to cymecxByex h eflHHCTBeHHbiii mop4)H3m npo-€-iipe/j,CKpeiii,eHHbix 
MOflyjien </? : (G'2, Gi, d) — >■ (Gg; ■ — f- A^is npo-C-CKpeiii,eHHoro MOflyjia, BOSHHKaiomero 

H3 KonpeflCTaBjieHHa, ecTecTBeHHO paccMaTpHBaTb TaKJKc 11 iicnpepbiBHoe OTo6pa>KeHHe u — df : R 
— y Gi, HasbiBaa xaKoii npo-£-cKpeii];eHHi>iH MOflyjii. {Gi,G2,d) c 4)yHKii;HeH / cboGoahbim npo-£- 
npeflCKpein,eHHt>iM MOflyjieM na u. 

EcjiH [G2,Gi,d) - cKpeiri,eHHi>iH npo-C-MOflyjiB, KOTopbiii o6jiaflaeT onHcaHHtiM Bbime yHHBep- 
cajiBHbiM CBoiiCTBOM B KaTeropHH npo-C-CKpemeHHbix MOflyjieii, to mbi naaoBeM (G2,Gi,d) CBoSofl- 
HBiM npo-C-CKpemeHKBiM MOflyjieM c GasHcoM / (hjih na to). 

npefljio:a<;eHHe 12. [22] Ilycmb G - npo-€-spynna, R - npoKOHCHHoe npocmpaucmeo, u u : R 
— )■ G - Henpepuenoe omo6pacHceHue. Tosda cymecmeywrn u eduHcmeeHHU 

(i) ceo6odHuu npo-<t-npedcKpem,eHHUu Modyjih na uj 

(a) c6o6odHuu npo-€-CKpemeHHUu ModyAb na uj 

H3 KOHCTpyKi];HH CBoSoflHoro npo-£-npeflCKpeii];eHHoro MOflyjia na ou acho, hto 6a3HCHoe OToSpa- 
jKCHHe f : R — > H HHTjeKTHBHO. Oho GyflCT HHTieKTHBHO H fljifl npo- £-CKpeii];eHHoro MOflyjifl. 3to 

OHCBH^^HO cjiezi;yeT h3 cjie;];yioiri;ero 6ojiee CHjibHoro yxBepjK^^eHHH 

npe/i,jio:a<;eHHe 13. [22] Uycmt, {G2,Gi,d) - ceoBodnuu npo-(t-CKpeiii,eHHUu ModyAh c 6a3ucoM 
f : R — y G2,R - npoKOHCHHoe npocmpaHcmeo, G = Gokerd, mosda neAHemcji ceo6odHUM 
npoKOHCHHUM Z^[[G]]-ModyAeM Ha KOMno3uv,uu f : R ^ G2 — > G2'' u, CAedoeame/ibHO, f (mosda u 
f)- UH'seKmuenue omo6pacnceHUH. 

TeopeMa 4.5. [22] Uycm'b {G2,Gi,d) - ceoSodnuu npo-€-CKpeut,eHHUu ModyAh, nocmpoeHHUu 
no KonpedcmaeAeHum P = {X,R,uj) HeKomopou npo-€-spynnu G. Ilycm'b ttp — Kerd u N ~lmd 

- ceododnafi npo-€-gpynna (e npo-p-CAynae N ecesda ceoBodna, nan nodspynna ceoBodnou npo-p- 
spynnu). Toeda UHdy%upoeaHHUu 20MOMop(fiu3M ^ : Tip — > G2 UH^enmueeH u eosHUKaem KopomnaH 
moHHan nocjiedoeameAbHocmb G-ModyAeu (G = Gi/N) 

O^np^GfA N^" 0, 

6 Komopou G2^ H6AHemcH ceododnuM Zts:[[G]]-ModyAeM na aAeMenmax f{p) = p[G2,G2], p & R, ad 
sadano (f)opMyAou (i(p[G2,G2]) = uj{p)[N , N] 

N"^^ - B jiHTepaType (|)HrypHpyeT, kok MOflyjit cooTHomenHH, 0Ka3i>iBaeTCfl, hto N^^ ecTecTBen- 
HbiM o6pa30M BKjiaflbiBaeTCfl b Z£[[G]]-MOflyjii> Z£[[G]]^^^. K ^eTajiflM SToro BjiojKeHHfl mbi BepneMCfl 
HecKOJibKO no3>Ke, a iioxa iiOKajKCM, kuk hs cbo6o;j,hoh npo-^-CHMnjiHii;HajibHOH pe30Jit>BeHTbi, bo3hh- 
Kaiomeii h3 HCKOToporo KOiipe/j,CTaBjieHHH iipo-£-rpynnt.i G, nojiynaeTca iipo-C-CKpeiri;eHHL.m Mo;];yjib, 
a TaKJKe, hto stot Mo^yjib coBnaflaex c BBefleHHbiM panee cBo6oflHbiM npo-C-CKpein;eHHbiM MOflyjieM 
KonpeflCTaBjieHHfl npo-£-rpynnbi. 

riycTb 3aflaH0 KonpeflCTaBjieHne P — (X, R, 00) npo-€-rpynnbi G, sto cjiyjKHjio HCxoflHbiM MaTe- 
pnajiOM fljis nocxpoeHHs cBoGoflHott cHMnjiHi^HajibHoii npo-£-pe30JibBeHTbi b iiepBoii nacxH paGoTbi. 
HMeex MecTO KopoTKaa xoHHaa nocjie^^oBaxejibHOCTb 1 — > N{R) — > F^{X) — > G — > 1, sjieMenxbi 
uj{p) nopojKflaioT N{R), xax TonojiorHnecKHH HopMajibHbm flejiHxejib, B03HHKaioT HyjieBott h nepBbitt 

marn nocTpoennfl CBoSoflHoii CHMnjini^HajibHoii npo-C-pe30JibBeHTbi F,f(XQ U R) F^(Xo) ^ » G , 

rfle dl{x) = X, x G Xq, dl{p) = 1, p e R, d\{x) = x, x G Xq, d\{p) = uj{p). 

Mexo/j, "pas a pas" j^aer na nepBOM mare CBoSoflnyio CHMnjiHn;HajibHyio npo-C-rpynny F^^\ y 
KOTopoH Fi^' : F^^^ = i^£(U„^[il ^i(^i) U ^0) npH n ^ 2 Bbipoacflenbi. 
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IlycTb d = d\ : NF^^^ — > NFq^^ = F^^^ (NF^^^)- KOMnjieKC Mypa cHMnjiHi^HajibHoii npo-€-rpynnt>i 
F'^^^). Fq^"^ ;];eHCTByeT cjieBa na NF^^'^ conpjiJKeHHeM, T.e. = so{g)xso{g)~^- Tor^a ycjiOBHe CMl) 
oneBH^^Ho BBiiiojiHeHo, T.K. d{^x) = d{so{g)xso{g)~'^) = gd{x)g~^. 

CjieflOBaTejiBHo {N Fi'^\ N Fj^^^ = Fl^^\d) HBjiaeTCH iipo-£-npeflCKpeiri;eHHt.iM Mo^yjieM. 

ripn nocTpoeHHH npo-C-CKpemeHHoro Mojiyjis Koiipe/j,CTaBjieHHfl, b o6in,eM cjiynae, ycjiOBne CM 2) 
xyx~^ —^^ y —^i^^") y KOHeHHO jkb BbinojiHeno ne Bcer^a. CcJjopMHpyeM naH4)epoBi.i KOMMyTaTopti 

{x,y) = xyx-'f^^-^y)-' = xyx-\sod{ix)ysod{ix)-')-' (1) 

EcjiH npoHSBecTH saMeny a; h-7> x^^, y i— > x^^y^^x, to nojiy^HM, hto {x,y) ~ {x,y)^^ = [x~^Sod\{x),y]. 
Cjie^oBaTejiBHO, naH(j3epoBa iioflrpyiiiia iiopojKflaeTCJi sjieMeHTaMH BH^a [x^^Sod\{x),y]. 

Tenepb saMexHM, hto jiioGoh sjieMenx x G Keidl Moacex 6t>iTt> sanncaH b bh^c Sidi{y) ■ y^^, r^e 
y e NGi — Kerdl, fleiiCTBHTejiBHO, t.k. Gi = NGiXsoGo, to x — y ■ So{yo), r^e yo e Gq, y e 
NGi. T.K. X e KerdJ, HMeeM 1 = d\{x) — d\{y) ■ d\so{yo) =^ |/o = d\{y^^) ^ x — y ■ SQd\{y~^) 
CjieflOBaTejiBHO, naficJjepoBa no^rpynna coBna^^aex c [Ker o?}; Ker dg], OTKy^a nojiynaeivi, hto npo-£- 
CKpen^eHHbiii MO^yjib H30Mop4)eH {i^^^^^y Fo\ d\) . 

(NF^^^ (1) 1 \ 

— — NFq — FqjO — d\ \ aBjiaeTCH CKpeiii,eHHi>iM MO^yjieM. ^eiiCTBHTejiBHO, 

d\NF^^ - saMKHyraH iiopMajibHaH iio^rpynna b KcrdJ, iiosTOMy d = d{ oiipc/j,cjiCH KoppcKTHO. 
/],eHCTBHe NF^"* HH^yii,HpoBaHo ^eilcTBHeM Fq nyTCM coiipajKeHHa na sjieMenT so{g) tokc Kop- 
peKTHO, T.K. d\NF!^^ sBjiaeTCH FQ^^-HHBapnaHTHOH noflrpynnoii. BbinojiHeHne CMl) cjie^yex h3 

BbiiiojmeHHH CMl) fljiH iipo-C-iipeflCKpein,eHHoro Mo^yjia NF^^ h NFI^\ OcTaeTCH iipoBe- 

pHTb BbiiiojmeHHe CM 2), T.e. na^o iipoBepHTb b ^2^];^m paBeHCTBO {x^y) = 1. /],eHCTBHTejibHO, 

{x,y) = {sod\{x~^)ysod\{x)){x~'^yx)~'^ = [sod\{x),y~^][y~^,x] = [sodl{x),y][y,x]. PaccMoxpHM 3jie- 
MGHT {x,y} := [sqx, siy][siy, six], KOTopbiii HasbmaeTca naH4)epoBCKHM noflHaraeM. 3jieMeHTapHaa 
npoBepKa ^aeT dQ{x,y} — df{x,y} — 1, d|{a;,y} = {x,y)- CjieflOBaTejibHO {x,y) = 1 b rpynne 



npe/],JiojKeHHe 14. Uycmb F'^'^^ nepeuu mas nocmpoeHUH cuMnAU%uaAbHou npo-^-pesoAbeenmu 
jviemodoM "pas a pas", mosda CKpeu^emmu F^^ -ModyAb Fq^^ coenadaem c npo-C-CKpeineuHUM 



F-ModyACM, noAyneHHUM U3 KonpedcmaeAeHun (H/P,F,d). 

^OKasaTejibCTBO. fl^Jis flOKaaaxejibCTBa nan noxpeGyexca jieMMa Bpayna-JIoflsa, nojieanaa b 
npHji03ceHHax CHMnjiHii,HajibHoii xeopHH rpynn. 

JieMMa 4.6. [50] Ilycm'b G - cuMnAuv,uaji'bHaA npo-€-spynna maKati, nmo G2 eupocHcdena, m.e. 
G2 = D2 — {nodspynna, nopocmdeHHaM so{Gi), Si{Gi)}, mosda aaMKnymasi nodspynna, nopocHcden- 
HttH KOMMymamopaMU [x,y], sde x e Ker dl,y e Kerd\ coenadaem c (i|A'"G2 : [Ker dj, Ker d}] = 
dlNG2. 

SaMenaHHe 2. /(oKasameAbcmeo acmmu 4-6 mochcho uaumu e [23], [4-9, prop. 23] dAfi npo-€.- 
CAyuafi, OHO onupaemcH na pasAOCHcenue Kondyme: 

ymeepotcdenue 2. [27, cmp. 158[ Ecau G - cuMnAui^uaAbHaH npo-^-zpynna, mo dAH aw6oso 
n ^ cnpaeedAueo 

Gn = {...{NGnXSn-lNGn-l)x...XSn-2---SlNGi)x{...{sQNGn-lXSiSoNGn-2)X---XSn-lSn-2---SoNGo) 

PaccmanoeKa cko6ok u nopsidoK cocmaeAAtomux amoso noAynpAMOso npouaeedenuA nopocncda- 
emcA nocAedoeamcA'bHocm'bK): 

Gi ^ NGi X soNGo, 
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G2 = {NG'i X sxNGi) X {soNGi X sxSqNGq), 
Gg ^ ((A^Gg X ssA^Ca) X {s^NG2 X ssSiA^d)) X ((sqA^Gs X S2SoNG^) X (siSqA^Gi X s^s^soNGo)), 
u m.d. 

PaaAOCHcenue Kondyme G2 = {NG2 X sqNGi) X {siNGi X siSqNGo) eMecme c UHdyKV,ueu no 
dAune eupaofcenuA, npedcmaeAHwmeso SAeMeHm U3 NG2, npueodum k doKaaameAbcmey JIcmmu 
4.6. 

Yace flOKaaano, hto (H/P,F,d) ^ ( =^^1=. K^^^ rfH , t.k. F^^^ = ^2(i^f^) h3 jicmmm 
Bpayna-JIoflSii cjieflyex, hto (^^^^^=, F^^^, = F^^^ d{) M 



HivieeM TOHHyio nocjieflOBaTejitHOCTi. tt = 7ri(F^^'*) — > f^'^ lmd\. H3 TeopeMM 4.5 nojiyna- 

eM 

Cjie^CTBHe 5. 7ri(F(^)) = 7rp(G); 2(?e np{G)-ModyA'b mootcdecme cpedu coomHouieHuu. 
Onpe^ejieHHe 16. npo-€-CKpeut,eHHUu KOMUAeKC C cocmoum U3 npo-C-spynn u nenpepuenux 

M0p^U3M06 

O . ... — f Kjn — 7 f ...O2 — T Oi — f Oo, 

ydoeAemeopstminux CAedytmUfUM ycAoeusiM: 

CC 1) 61 : Ci — ^ Go - npo-€-CKpemeHHUu ModyAt; 

CC 2) Cn{n > 1) neAnemcH npoKoneHHUM AeeuM 7j^[[Cq/ 5iC\\-ModyAeM u Kaotcduu Sn{n > 1) - 
Henpepuenuu 20MOMop(f)U3M Aeeux npoKOHennux Z,c[[Co/SiC]]-ModyAeu (Bah n = 2 62 KOMMymu- 
pyem c deucmeufiMU Go u (52(C2) C Gi, sieAMemcn npoKOHeuHUM IjitWCo/ 5iC]\-ModyAeM) ; 

CC 3) 55 = 0. 

Mop4)H3Mi>i CKpemeHHMx KOMnjieKCOB onpe^ejiaiOTCfl ecTecTBeHHbiM oSpaaoM. 

Onpe^ejieHHe 17. Upo-C-CKpeineHHaji pesoAbeeHma npo-C-spynnu G - amo npo-C-CKpeui,eHHUu 

KOMnACKC C, sde Cn - npoenmueHue X,i\[G^\-M,odyA,u npu n > 1, u eunoAHeno ycAoeue moHUOcmu 
Imdn = Kcr5„_i, npu amoM cymecmeyem nenpepuenuu u30Mop<f)U3M Cq/5iCi = G. 

npo-C-CKpemeHHt>ie pesojibBeHTbi MoryT SbiTb iiocTpoeHBi h3 iipo-£-KOiipe^cTaBjieHHil P{X, R, u). 

B KanecTBe cKpemeHHoro MOflyjia Gi A Go 6epeM cKpeiri,eHHbiH MOflyjib KonpeflcxaBjieHHa, T.e. 
Go = Fc(X), a Gi = H/P, r^e H - sto HopMajiBHoe aaMbiKaHHe R b F^{X U -R), a P - rTaiicJjepoBa 
noflrpynna b H n nycTB ttp := Ker(9 : Gi — >^ Go) - MO^yjiB Toac^ecTB cpe^n cooTHomeHHH. Mbi 
panee flOKaaajin, hto oh aBjiaeTca jieBbiM npoKOHenHbiM Z£[[G]]-MOflyjieM. T.k. KaTeropHH npoKo- 

HeHHblX MOflyjICH HMCCT aOCTaTOHHO npoeKTHBHblX oStCKTOB [65], MBI MOJKeM lIOCTpOHTB ZcffG]]- 

npoeKTHBHyio pcsojibBemy Z,);[[G]]-MOflyjiH vrp. fl,jm iiojiyHeHHH CKpemeHHoii pcsojibBeHTbi G npo- 

C-rpyilllbl G IIOJIOJKHM Cn = Pn-2, n > 2, 5n = dn-2, n > 2, H (^2 - K0MII03HT Pq — > T^P Gi- 

KacaeMo npHMepoB npo-C-CKpein,eHHbix pesojibBCHT n hx cbohctb, cm. [49, 50]. B nacTHocTH 
HMeeTCfl CTaHflapTHaa HeoflHopoflnaa npo-C-pesojiBBenTa, aBjiaiomaacfl npsMBiM anajioroM neoflHO- 

pOflHOH 6ap-pe30JIBBeHTbI. 

Ha TeopeMBi 4.5 cjie^yeT, hto Gi^ = Zc[[G]]*^^'' - cboGo^^hbih npoKOHenHBitt Z|r[[G]]-MOflyjiB na 
R, a dab HH^yi^iipyeT roMOMop4)H3M a, : Zc[[G]](^) -> iV(P)^^ 3a;];aHHBm 4)opMyjiOH d^{ep) = 
r[N{R), N{R)], r^e Cp - o6pa3yioiii,aH ZuffG]]*-'^'', cooTBeTCTByioiri,a5i sjieMeHTy p e P. C flpyrott 

CTOpOHBI, TOHHOH lIOCJie/J,OBaTejIBHOCTH KOIipeflCTaBJieHHS 

1 N{R) A Fi{X) 4 G ^ 1 
cooTBexcTByeT [36, xeop. 6.3] KopoxKaa xoiHaa nocjieflOBaxejiBHocxB 
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^ N{Ry 4 Ze[[G]]^Fh{F) ^ h{G) 0, 

rfle F = F^[X). C ^pyroii CTopoHbi, I<t{F) HEjiaeTCH cbo6o;];hl.im Mo;];yjieM, nopojK^^eHHbiM sjieMen- 
TaMH (1 - x), rfle x e X nojiynaeM Z£[[G']]0j./£(F) ^ Z£[[G']]§j.Z£[[G]](^) ^ Z£[[G']](^). OTKy^a 

EcjiH saMeHHTb Iit{G) na Ker(Zir[[G]] — )■ Z^), to nojiyHHM cBo6oflHyio npoKoneHHyio ^^[[G]]- 
peaojibBeHxy TpHBHajibHoro mojx^ji^ Z^; 

Z£[[G]]^^) 4 Z£[[G]] W ^ Z£[[G]] ^ Zc, d = i o 9„ 

nocTpoeHHyio h3 Koiipe/j,CTaBjieHH3, Koxopaa aBjiaeTCfl npo-C-anajioroM nocjieflOBaTejiBHOCTH Kpoysjia- 

JlHHflOHa KOMnjieKca i^eneii yHHBepcajiBHoro HaKpbiTHa K{G,1), r^e K{G,1) CTpoHTca no Konpefl- 
CTaBjieHHK) CTaHflapTHbiM oSpaaoM, nyTeM npHKjienBaHHfl kjictok, cooTBeTCTByioiii,Hx cooTHomenHflM 
B P [22]. 

B ;];HCKpeTHOH CHTyaitHH roMOMop(j3H3M ZlGJ-MG^yjiefl d ^onycKaeT y^oSHOC oiiHcaHHe na hsbikc 
CBoGoflHoro /j,H4)4)epeHij,HajibHoro HCHHCJieHHH, a hmchho, ecjiH - o6pa3yioiLi,HH b Z[G]'^^\ cootbct- 
CTByioiii,HH cooTHomeHHK) p, HMeioiii,eMy B F aanncb uj{p) = yi-.-Um, r^e Ui e XUX'^ji — 1, ...,n, to 
d(e^) = X^iex '/'(^)^a;, r^e Cx - oSpaayiomHe Z[G]-MOflyjifl Z[G]^^\ cooTBexcTByiomHe sjieivieHTaM 
1 — X B I{X), ^ - npoHSBOflHbie OoKca sjieMCHTa r, (p : F ^ G - KaHOHnnecKaa ciopiieKi^Ha. Hto 
KacaeTCfl npoHSBOflHbix OoKca '■ F — >■ Z[F] fljia Kaac^oro x & X, to ohh onpe^ejifliOTca 

ox \0, X y ox Ox Ox 

BooSme roBopH, ne cymecTByeT aHajiorHHHoro onHcaHHH d b KaxeropHH Z(r[[G']]-Mo;];yjieH. O^^na- 
KO, B CBOcii paSoTe [37], Hxapa iiocTpoHji aHajiorHHHyio ^HCKpeTHOMy cjiynaio Teopnio CBo6oflHoro 
flH4)4)epeHij,HajibHoro HCHHCJieHna ^jia cboGo^hbix iiohth npo-p-rpynn. 

riycTi. F - aScTpaKTHaa CBoSoflHaa rpynna panra r, nopojKfleHHaa sjieivieHTaMH xi,...,Xr{r ^ 

l),Fi<\ F HopMajiBHaa no^rpynna KoneHHoro HH^eKca, Tor^a Fi - CBoSoflHaa rpynna panra ri n 

ri — 1 = (r — 1)(F : Fi). HycTb N - no^rpynna KonenHoro nn^eKca b F, Torjia o6o3HaHHM N — NnFi 

HopMajibHyio no;];rpynny KoneHHoro nn^^eKca b Fi. PaccMoxpHM Taxne N <F, hto Fi/N aBjiHexca 

KoneHHOH p-rpynnoH. C4)opMHpyeM npoeKTHBHbm npe^eji ^ = Um^r^ 77 rz:i a ^I-^- 

iV <\q h \ [tii : JS\ — p , 

N = NnFi 

^eu HasbiBaTb iipoKOHeHHyio rpyiiny ^ cbo6o/j,hoh iiohth iipo-p-rpyiiiiOH panra r. Ona co^epacHT 
OTKpbixyio no^rpymiy = ^mFi/iV, Koxopaa HBjmexca CBoGo^noil npo-p-rpynnon "KoppeKxnoro 
panra" ri : ri — 1 — : ^){r — 1) . 

B oSpaxnyio cxopony, nycxb ^ - npoKonennaa rpynna, nopoacflennaa r sjieMenxaMH, co^epacnx 
oxKpbixyio HopMajibnyio no;];rpynny ^i, KoxopaH HBjiHexca cbo6o;];hoh npo-p-rpynnofl "KoppeKXHoro 
panra", xorfla mbi yxBepjK^aeM, hxo ^ aBjiaexcH cbo6o^hoh iiohth iipo-p-rpyiiiiOH panra r othoch- 
xejibno jnoGoro Mnoacecxna ns r o6pa3yioin,Hx ^. /],eHcxBHxejit>no, paccMoxpnM roMOMop- 

4)H3M </? H3 CBoSoflnoii flHCKpexnoii rpynnbi F — (xi, ...,Xr) panra r b ^, onpeflejiennbiii no npannjiy 
Xj I— >■ Xj{l ^ J ^ r). 3xox roMOMop4)H3M Sy^ex Hnx>eKXHBni>iM. Ha caMOM ^ejie, nycxi. Fi — ip~^{^i)- 
Tor^a BBHfly xoro, hxo (p{F) — ^ nojiynaeM, hto [F : Fi] = : Cjieflonaxejibno, x.k. F - CBoSofl- 
na, no xeopeMe Illpanepa nojiynaeM, nxo rk Fi = rk ^i. PaccMoxpnM cBo6o;];nyio nonxn npo-p-rpynny 
F : F = ^IB^ ^ F-[F ■ N] — p°' '^^'^ ^ <^-roMOMop4)H3M, Hnflyii,HpoBannt>iH if. 
N = Nr\Fi 
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Mm yTBepacflaeM, hto Tp : F ^ ^ aBjiaeTCfl h30mop4)H3mom, npn stom ^ : i^i — >■ S^i- Hcho, hto cp 
HBjiHeTCH ciopi.eKii,HeH. MojKHO paccMOTpexb KOH4)HHa.nbHyio CHCTCMy HopMajibHbix jxejinTencii A/',b 
KOTopoii Bce coflepacaTca b Fi, Tor^a fljia npoBepKH HHTbeKXHBHocTH cp flocTaTOHHo iipoBcpHTb, 
HTo (flp^ HHT>eKTHBHO, HO 9T0 cjiSflyeT H3 HSBecTHoro 4)aKTa o TOM, ^TO CBo6oflHaa iipo-p-rpynna 
KOHeHHoro panra ne Moacex Sbitb H30Mop4)Ha CBoeiviy 3nHMop4)HOMy oSpaay. Hcho, hto ecjiH cbo- 
SoflHaa noHTH npo-p-rpynna aBjiaeTca npo-p-rpynnofl, to ona aBjiaexca CBo6oflHOH npo-p-rpynnoii; 
TaKJKe acHO, hto jiioGaa OTxptixaa noj^Tpjuna cbo6o;],hoh hohth npo-p-rpynnbi KoneHHoro panra 
aBjiaeTca CHOBa CBo6oflHOH hohth npo-p-rpynnoii KoppeKTHoro panra. B flajibneHmeM mbi Gy^eM 
OTOJKflecTBjiaTb Xj & F c ero oSpaaoM % € 5^(1 ^ j ^ r). 

TeopeMa 4.7. [37j Lfycmb F - c6o6odHaH nonmu npo-p-epynna pama r, nopooKdeuHafi Xi, x^, 
B — - nonojineHHaA spynnoeasi aji3e6pa ^ nad "Lp u s : B — >■ Zp - soMOMop^usM aysMen- 

maxj^uu. Toeda Kaofcduu a/ieMeHm Q & B, Moofcem 6umb npedcmaeAen eduncmeeHHUM o6pa30M e 
^opMe: 

r 

sde 1 = - eduHuv^a ^. BoAee moso Bah KacHcdoso j coomeemcmeuH — > Qj onpedeAstmrn nenpe- 
puenue Z,p-AUHeuHue omo6pacHceHU.H B e ce6.H, Komopue 6ydym o6o3HaHambc.H ^ = 0,(1 ^ j ^ r). 

Ha onpe^ejienna HeMe^jieHHo cjie^yioT Bce cxaH^aprHbie iipaBHjia flH4)4)epeHii,HpoBaHHH [37]. 
IIpHMep 5 (^HCKpeTHbie rpynnbi ckbosb p-a^HHecKHe ohkh). 

"TeoA03UA"(e mepMUHOAOsuu JJcuc.AdaMca [1]) nonoAHenuu u A0KaAU3av,uu noaeoAAem 633ah- 
nym'b no-noeoMy daofce na xopomo uayneHHue o6'6eKmu. Adauc saMenaem, nmo "..JIoKaAU3av,UK) 

MootcHO ucnoAbsoeamt Bah nocmpoeHUA kohchhux H-npocmpaHcme, ottiauhhux om KAaccunecKux. 
HanpuMep, mochcho nocmpoumb KOHeuHuu KOMUAeKC X, Komopuu AeAAcmcA H-npocmpaHcmeoM u 
na 2-aduHecKuu easAAd noxoofc na Sp(2), a na S-adunecKuu na x 5"^. 9mo npocmpaHcmeo X 
- u He Sp(2) (nocMompume na neso CKeosb 3-aduHecKue ohku) u na x S'^ (paccMompume e20 
c 2-aduHecKou no3u%uu)... Oh neM-mo HanoMunaem MOHcmpoe U3 cpedneeeKoeux CKaaoK: soAoea 
Ahea Ha mcAe Aomadu. Em,e 6oAee otcyrriKuu cnoco6 saKAWHaemcA e moM, Hmo6u esAmb dee uacmu 
OK:.u6omH020 u cocmaeunih ux, noeepnye odny us Hacmeu: eoshMume Ahea, ompy6ume eMy soao- 
ey, a sameM npudeAaume ee, odpamue nacmt>K> nasad. HMeuHO man cmpoumcA npuMep XuAmona- 
Poum6ep2a; poAh Abea mpaem npocmpaHcmeo Sp(2).. " 

UpuMcpHO ma CHce cumyav,UA eosHUKaem npu paccMompenuu npo-p-nonoAHCHUu ducKpemnux 
spynn, ux ceoucmea Mosym KamacmpocfjuHecKU omAUHamtcA om ceoux ducnpemnux "podumcAeu" 
yofce e CAynae spynn c oOhum coomHomenueM. /JeucmeumeAhHO, nycmh G sadana KonpedcmaeAC- 
HUCM P = {xi,X2 ■ x{[x2,x[]), modda, m.K. coomHomenue we AeAAemcA cmeneuhw [30, 28], no 
amoMy KonpedcmaeAeHum mochcho nocmpoumb K(G,1), Komopuu 6ydem 2-MepHUM ac^epunecKUM 
npocmpancmeoM. OdnaKO CKeoab p-adunecKue ohku mu yeuduM coeepmeuHO dpysoe "cymecmeo". 
OcmanoeuMCA na amou zpynne hcmhozo nodpoBnee. Ecau p ne paeno I, mo coomHomenue ne npu- 
HadAecHcum FP[F,F], CAedoeamcAbHO Qp = F{x2), m.e. CKeosb amu ohku mu yeuduM o6uHHyw 
OKpycHCHOcmb. OdencM menepb l-adunecKue ohku, m.e. l=p. 

B Kanecmee npuMcpa euHUCACHUu npouaeodnux 0OKca, euHUCAUM d{er) = (p (^-§^^ (^) ^2 

dACMenm a e Zp[[G]] 6ydem Acotcamh e Kerd <^=> a • (^) ~^ ^ a • (^) ~ ^ 

^ = Y.^\ + XWX-,'{X2 -l)-Y.xl 1^ = X{X-,\X-,^ - 1). 
^ fe=0 fc=0 ^ 

Uycmh menept) g\ = ip{xi),g2 = 9? (2:2), mogda e G umccm 

9{ = [9l92]. (2) 
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EcAU ^k{G) - HuotcHuu i^eHmpaAhHuu pnd e G. lis 2 eudno, nmo g{ e ^k+i{G), ecjiu g{ e "yk{G), 
mo Qi e 7fc+i(G), HO f]'^=Q'Jk{G) = {1} =^ = 1 ^ gi mi6o uMeem nopsidoK p, au6o paeen 1 e 

spynne. Odnano xi ^ A^(r), m.K. N{r) C Fp[F,F] =^ g'( = 1, moeda (p — (2 — 92^){^ + S*! + 

(fe) = 0. T.K. (1 -gi) auHyAupyem ip (^-^^ , mo K{P) D {1 - gi)Zp[[G]\er. 

Hmo KacaemcA ycmaHoeAenun paeencmea K{P) = (1 — (?i)Zp[[G']]er, mo amo npom,e ecego 
ycmanoeumb CAedymvuuM o6pa30M (naBpocoK nocmpoeHuu). T.k. g^ = 1 e G, mo x\ G R. mosda 

mod W[R, F]. CnedoeameAhHO [61], x\ Mocncem dumb eudpau e na- 
Hecmee onpedejiAtomeso coomHomenufi G, mosda G Moofcem 6umb npedcmaejiena e eude ceoSodnoso 
npouseedenuA v,UKJiuHecKou spynnu G nopfidna p u ceoSodnou npo-p-spynnu pama 1. /J^ajibneumue 
apsyMenmu noHAmnu, m.K. I{G) = -ZpffG]] © Zp]\G\\®ZpClC , [56, JieMMa 3.8[ cm. maKOfce [8[. B 
Hacmnocmu, no/iynuM nepuoduHecKyw peaoAbeenmy 

Zp[[G]] ^ Zp[[G]] ^ Zp[[G]] ^ 4 Zp[[G]f^ Z,[[G]] ^ Z„ N := l+g,+...+gl-' 

9my pesoAbeenmy CAedyem eocnpuHUMam,h, kcik mensopno yMHOCHceuHyw na Zp[[G]] pesoAbeen- 
my VfUKAUHCCKOu nodspynnu Cp < G, nopocHf:dennou aACMenmoM (gi), Komopyw npuKAeuAU k sidpy 

moHHOu nocAedoeamcAbHocmu KpoysAa-JlundoHa ZpffG]]'-"^-' A Zp[[G']]*^^^ — )■ Zp[[G']] — )■ TL^. TanuM 
o6pa30M, e p=l-aduHecKux ohkqx mu euduM CAcdu (na ypoene v^enHoeo KOMnACKca) Aunsoeoso npo- 
cmpancmea. 

9mom npuMcp CKopee npaeuAO, hcm ucKAwneHue. McAbHUKoe [10[ noKaacua, nmo Oaa a'k>6o20 
3AeMeHma, sieAsitomeeoc^ p-ou cmenewbto e ceoBodnou npo-p-spynne, mochcho nocmpoumt aACMenm 
r, Komopuu ycHce ne fieAfiemcH p-ou cmeneHbw, odnano r u f nopocHcdawm odun u mom cnce nop- 
MaAhHuu dcAumcAh e epynne F . 

/fo cux nop ocmaemcH omKpumuM eonpoc Ceppa [15[, CACSKa nodnpaeAenHuu FuAbdenxbtoaoM, 
a UMCHHo: Bepno au, nmo ecAU G - npo-p-spynna c odnuM coomHomenueM c cd{G) > 2, mo mochcho 
Haumu manoe KonpedcmaeAeHue F/{r) or = vP . HeKomopue uacmuuHue pesyAtmamu no amo- 
My eonpocy mochcho naumu e [43]. SaMcmuM [28], umo K(G,1) Bar ah)6ou ducKpemnou spynnu 
c odnuM coomHomenueM noAynaemcH au6o accfiepunecKUM, au6o nymcM npuKAeueanuH Aunsoeoeo 
npocmpancmea k no coomnoiueHuw. Tosda, ecAU nodKAtoHumb ^anmaauw, eonpoc o cmpynmype 
npo-p-spynn c oOhum coomHomenueM cymb ymeepcHcdenue o moM, nmo CKeosh p-aduuecKue ohku e 
ducKpemnux spynnax c odnuM coomHomenueM nunezo unoso, hcm Aunsoeue npocmpancmea, ac^e- 
puHCCKue KOMnACKCu, Au6o "u^eemu" (c6o6odnue npo-p-spynnu), yeudemh ne noAyuumcn. 

OGpamaioT na ce6a BHHMaHHC HecKOJibKo HHTepecHbix 4)aKTOB: Bo-nepBbix, yTBepacfleHHe [34] o 
TOM, HTo j\e(\)m\wT KOHeHHOH rpyiiiibi ne aasHCHT ot Koiipe/j,CTaBjieHHa b KaxeropHH npoKoneHHbix 
rpynn; BO-BToptix, corjiacHO [7, llpefljioJKeHHe 7.7], [11] cbohctbo npo-p-rpynnbi Sbitb accJjepHHHoii 
He 3aBHCHT OT KonpeflCTaBjieHHfl b xaTeropHH npo-p-rpynn. TaKHM oSpaaoM, npoKoneHHoe nonojine- 
HHe rpynn j\a,eT: neKoxopyio CTaGnjibnocTb BsaMen xaoca, CBoncTBennoro ^^ncKpeTnbiM rpynnaM. Mnp 

CHMlIJIHU,HajIbHt>IX npOKOneHHBIX lipOCTpanCTB, HMCH MHOrO CBOHCTB, CXOJKHX C flHCKpeTHBIMH, TCM 

He Menee, Kpafine cnen,H4)HHeH. YjKe b pasMepnocxn 1 (npoKoneHHbie rpa(J)t>i) CTan^apTHoe yxBep- 
acflenne o tom, hto b Kaac^OM cbashom rpa4)e cyn],ecTByeT MaKCHMajiBHoe CBflsnoe no^epeBO, yace 
He Bepno, cm. [6, HpHMep. 2.4]. 

5. Oi/iJibTpai4i/ii/i. 

B 3TOH H cjie^yfomeii rjiaBax paSoTbi mm CKOHu,eHTpHpyeM CBoe EHMManne na CBo6o^Hbix chm- 
njiHu,HajibHbix iipo-p-pesojibBenTax iipo-p-rpynn. Ochobhbim MexannsMOM nccjie^OBannii cxanyT A- 
aflHHecKaa 4)HjibTpan;Ha nonojinennoro rpynnoBoro KOJiBn;a h 4)HjibTpan;Ha L^accenxayaa. KpaxKO 
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HanoMHHM ee ocHOBHbie kohctpyki^hh, KOTopbie mojkho naiiTH b [43] h yflanHOM oSaope, coflepjKa- 
meMCH B ;];HccepTaii;HH [29], a Taxace BBej^eM Heo6xo;];HMi.ie hohhthh, noflHepKHBaioii],He pafl cbohctb 
nonojineHHOH rpyiniOBoii ajire6pbi h ee rpa^yHpoBKH, cm. xaKace [56]. 

SaMenaHHe 3. Mnosue pesyAhmamu amou u CAedywmeu SAae UMewm Mecmo u dAH (fiuAhmpa- 
v,uu npo-p-spynn c noMout,'bK) huchchcso v,eHmpajibH030 pnda [43], odnaKO, c nameu mouKU apenufi, 
mod-p-6UHUcjieHUA e cjiynae npo-p-spynn HecKOJibKO ydoSneu u UH^opMamueneu. 

Onpe^ejieHHe 18. Uycm'b G - npo-p-spynna, A"(G) - n-afi cmeneHh ayeMeHmav,uoHH030 ude- 

aAa ee nonoAHeuHou spynnoeou aAse6pu ¥p[[G]] u v-(f)UAt>'mpau,ufi Fp[[G]], sadaHHan y6u6amm,eu 
v^enoHKou udeaAoe {/S."'{G))nm\ ^-S- = sup^.^^^n (_Q-^n Bar x G Fp[[G']]. (PuAhmpauueu U^accen- 
xayca npo-p-epynnu G HosueaemcH cucmeMa saMKuymux nodspynn e G, onpedeAennux no (fiopMyAe 
Mn{G) = {geG\g-\el:^^{G)} 

IIpefljioxceHHe 15. [7] Ecjiu G - KoneHHonopocHcdeHHaA npo-p-zpynna, mo nodepynnu A^„(G) 
orriKpumu u onpede/iHtom 6a3uc 1 e G. 

Fpynnbi A1„(G) mojkho, cjie^yfl ^jKeHHHHrcy, onpeflejiHTi. peKypcHBHO 

IIpefljioxceHHe 16. ITycmb G - npo-p-zpynna, mosda nodspynnu Ain{G) Moeym Burnt onucanu 

peKypcueno CAedymm,eu (fjopMyAOU = •^\n/p]Y\-i+j=ni-^ii^)^ -^ji^)]^ ''^ ^ b^/p] ' 

HauMenmuee neAoe hucao ^ n/p. 
IIpefljiojKeHHe 16 bjichct 

(i) EcjiH fljifl Ka>K/j,oro i ^ o6o3HaHHTb gri{G) = Mi{G) / M.i+i{G) , to gviiG) - aSejieBti npo- 
p-rpynnbi SKcnoHeHTbi p>0, T.e. npoKOHenHbie BeKTopHbiMH Fp-npocTpancTBa. 

(ii) HojioacHM grG — Wi^^gfiG. OTo6paaceHHfl G x G — > G, (x, y) i-> [x, y] h G — > G, x i-> 
HHflyi];HpyiOT KoppexTHO onpeflejieHHtie OToSpaacenHfl 

[-,■]: gViG X gr^G gr^+jG, : griG — )■ grpiG. 
PacnpocxpaHHM 3th onpe^ejieHHH no jmneiiHOCTH na grG : 

[•, •] : grG x grG grG, -^^ : grG grG. 

IloMHMO 4)HjibTpai];HH L^acceHxayca naivi noTpeSyeTca A-aflnHecKaa 4)HjibTpai];Hfl nonojineHHoro rpyn- 
noBoro KOJibn;a npo-p-rpynnbi h accoi^HHpoBaHHbiii c neii npoKOHenHbiii rpaflyHpoBanHbiii oSi^eKT 
^Fp[[G]] = Y[n>o A^+ifc) ' KOTopbiH HasoBeM npoKOHeHHbiM accori;HHpoBaHHbiM rpynnoBbiM KOjibii;oM 
nonojiHeHHoro rpyiiiioBoro KOjibii,a iipo-p-rpyiinbi G. By^eM oGosnanaTb nepes pn ecxecTBeHHyio 
CK)pTDeKLi,Hio Pn : A^„(G) — )■ (G) /A^„+i (G) = grnG. H3 onpeflejieHHs (J)HjibTpaii,HH D^acceHxa- 
yca rpynnbi G cjie^yeT cymecTBOBaHne OToSpaacenHa grG — > ^Fp[[G]], saflaHHoro no 4)opMyjie 

pnX Pn{x - 1). 

BBezieHHbie Bbime hohhthji mojkho necKOjibKO o6o6iri;HTb. HycTb R - ayrMeHTHpoBaHHaa npo- 
KOHC'iiiaa ajire6pa na^ nojieM Fp c ayrMeHTaii,HOHHbiM HfleajioM R. Hofl 4)HjibTpaii,HeH ajireGpbi R 
6y^eM iio/j,pa3yMeBaTb yGbiBaiomylO nocjieflOBaTSJibHOCTb R — FqR D F\R D ... aaMKHyTbix nofl- 
npocTpancTB TaKHx, hto 1 G it! h FpR ■ FqR C Fp+gR. B stom cjiynae FnR - flBycTopoHHHH Hfleaji 
B R n o6o3HaHHM grR — Y[^=o ^n/ -^n+i - rpaflyHpoBaHHbiH oSijOkt, KOTopbifi HMeeT ecTecTBeHHyio 
CTpyKTypy npoKoneHHofi ajireGpbi. 

Onpe/],ejieHHe 19. Ilod noAHOu aysMeHmupoeaHHOu npoKOHeuHou aAse6pou mu 6ydeM nodpasy- 
Meearat) ayzMeHmupoeaHHyw npoKoneHHyw aAde6py R, HadeAeuHyw (f)UAt>mpav,ueu {FnR}: 

(1) F,R = R, 

(2) grR nopoofcdaemcH, Km, monoAosuHecKaH aA2e6pa npoKoncHHUM npocmpaHcmeoM griR, 

(3) R^]^R/FnR. 

Kjiacc nojiHbix ayrMeHTHpoBannbix npoKoneHHbix ajire6p o6pa3yeT KaxeropHio (PAA), rp^e 0T06- 
pa>KeHHe f : R ^ R' - 3to oToGpaaceHne ayrMeHTHpoBaHHbix ajireGp Taxoe, hto f{FnR) C FnR'. 
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SaMCTHM, cjiepys KsHjijieHy [56, CTp.267], hto b cjiynae, ecjiH griR HMeeT KoneHHyio paaiviepHOCTi., 
TO FnR = R . 11 KaK cjiejiCTBue, R HEjiHexcH 4)aKTopoM KOjibii;a (|)opMajibHL.ix CTeneHHbix psppB 
P = ¥p{{Xi, ..,Xn)) OT n HeKOMMyTHpyiomHx iiepeMeHHMx. Torj^a jiio6aH PA A BBH^y Toro, hto ona 
iipe/j,CTaBjifleTCfl b BH/j,e iipoeKTHBHoro npe/j,ejia KOHeHHonopo>K/j,eHHbix ayrMeHTHpoBaHHbix ajireSp 
TOJKe oSjiaflaeT cbohctbom F^R — R h flBjiaeTCfl 4)aKTopoM ajireSpti 4)opMajibHi>ix CTenenHbix pa- 
flOB Hafl npoKOHeHHbiM npocTpancTBOM griR = ^mX^, r^e Xx - KoneHHOMepHbie. Mojkho CHHTaTb, 
HTO no onpeztejieHHio Fp((X)) = lim ¥p{{X\)). 

Cjic^ya KBHjijieny [56, CTp.270], bbc^cm iiOHHTHe iipoKOHeHHoii ajire5pbi Xoiicjja 
Onpe^ejieHHe 20. IIpoKOHeHHOu aAee6pou Xoncfia (PHA) HasueaemcH PAA-aAee6pa A c "dua- 
sona/ibHUM" Wp-ModyjibHUM soMOMopcfjusMOM A : A ^ A(^A [56, cmp.269]. Upu amoM cmpyKmypa 
6uaAse6pu neAHemcH KoaccouuamueHou u KOKOMMymamueHou. H naKoueu,, UMeemcA Fp-ModyAbnuu 
"anmunod" s : A^ A, m.e. x(s(8)l)A = x(l(8)s)A = e, sde e - aysMeHmav^uH. 

SaMenaHHe 4. CoxpanuM mancHce mepMUH npoKoneHHasi aA2e6pa Xoncfja Oasi spadyupoeanHoso 
o6^eKma, cesisaHHoso c (fjUAtmpauueu gTnA, meM caMUM nodnepKueafi, nmo gr^A fieAfiwrncfi 
npoKOHCHHUMU eeKuiopHUMU npocmpaHcmeaMU. 

IIpHMep 6. OcHoenou Momue eeedenun noHnmun PHA - amo nonoAHeuHasi Wp-spynnoeasi aA- 
3e6pa npo-p-gpynnu G, m.K. duasoHaAbHuu 30MOMop^u3M A : G ^ G x G {A : g g x g) undy- 
v^upyem Henpepuenuu soMOMop^uaM nonoAHeuHux spynnoeux aA2e6p A : Fp[[G]] — >■ Fp[[G x G]] — 
¥p[[G]]§)¥p[[G]], anmunod s : g g~'^. 

EcjiH A - PHA H J - saMKHyTbiH XoncJ^oBbiii nj^ean, T.e. A J C A^J + J^A, to A/ J sBjiaexcfl 
PHA c OToSpajKenneM A, HH/],yn,HpoBaHHBiM h3 A, t.k. {R/ J)®{R/ J) = R^R/{R^J + J^R). 

EcjiH A u A' - PHA, TO A^A' - PHA c IIpoeK^HaMH pn : A^A' A, pr2 : A^A' A' r 
HHflyii,HpoBaHHoii ayrMeHTai^Hefi. Torfla {A<S>A' ,pri,pr2) - npaMoe npoHSBefleHne An A' b KaTeropHH 
(PHA). 

BBefleM npoKOHenHbiH anajior orpanHHCHHoii ajire6pt>i JIh (o6i>iHHoe onpeflejienHe b [5]) 
Onpe^ejieHHe 21. UpoKonennaji aA2e6pa JJu C (PLA) (m.e. npoKonennoe ¥p-eeKmopnoe npo- 
cmpancmeo c nenpepuenou cko6kou JIu) xapanmepucmuKU p > nasueaemcH ogpanuuennou ga- 
8e6pou JIu, ecAU e C aadano Henpepuenoe omo6paotceHue a h-)- o}p\ ydoeAemeopji}ouj,ee CAedy}ouj,UM 
ycAoeuAM: 

(1) [H^' = ofo>\ 

p-i 

(2) (a + = a^^l + 6^^'' + X] isi{a, b) - KO90^uu,ueHmu upu \^~^ e ad{Xa + b)y~^, 

i=l 

(3) [a6W] = a{adb)P. 

JlioSaa PAA HMeex CTpyKiypy PLA, ecjin b Ka^ecTBe cko6kh JIh paccMOTpexb [x, y] = xy — yx, 
a a^^l = a^, Tor^a ycjiOBne (2) OTpajKaeT BbinojiHeHne Toac^ecTBa na KOScJxJjHi^HeHTbi (a + b)^^. 

OcTaHOBHMca noflpo6Hee na 4)HjibTpaii;HH L^accenxaysa CBo6oflHbix npo-p-rpynn. HycTb aaflana 
CBo6o;];HaH npo-p-rpynna, nopo>K;];eHHaH npoKonenHbiM npocTpancTBOM X, Torj^a h3 anajiornHHO- 
ro peayjibTaTa fljia KoneHHonopojKfleHHbix npo-p-rpynn [43] nepexoflOM k npoexTHBHOMy npe^ejiy 
nojiynaeM 

TeopeMa 5.1. 

riycmh F{X) - c6o6odnafi npo-p-spynna na npoKoneuHOM npocmpancmee X, mosda 

(i) gr¥p[[F{X)]] ^ T{F/ Fp[F, F]), sde nepes T{M) = 0„>oM®" o6o3HaHaemcfi mensopHOM qa- 

3e5pa npoKOHeHHOsoFp-npocmpancmea M , u nonoAHenHuu 6apuaHm{gr¥p[[F{X)]] = T{F / Fp[F, F])) 
(a) HMeem Mecmo usoMopcfiusM npononeunux ospanunennux aAse6p JIu grF{X) ^ Cres{X) 
{grF{X) ^ Cresi^)), '^resi^) " ceo6odnaH npoKonennan ospanunennafi aA2e6pa JIu nad noACM Fp, 
nopoofcdennaH X, m.e. npoenmuenuu npedeA ceo6odHux npoKonennux oapanuHennux aA3e6pa JIu, 
nopoofcdeHHUx kohchhumu MHOofcecmeaMu; npu amoM, ecAU — pi{xi), mo ^ Xi. H KOMMyma- 
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mueHOJi duaspaMMa ospanuHenHux aAee6p JIu u aAee6p Xoncfia, sde eepxnee Aeeoe eAootcenue sadano 
Ha oepasyjo-mux npaeuAOM H- 1 - Xi, fr{¥p[[F]]) = Yln>o9rn^p[[F]]: fr{F) ^ Yln>o9rn{F), 



gr{FY -frFp[[F]] T{X) 



SaMeTHM, HTO HHJKHee BjiojKeHHe - 3TO TeopeMa nyaHKape-BHpKro4)a-BHTTa, a KpafiHHii npaBbifi 
BepTHKajibHMH H30Mop4)H3M - 3T0 H30Mop4)H3Mi.i KBHjijieHa, co6paHHi>ie B npoeKTHBHbiH npe^eji 
[57]. 

riycTb saflaHa CBo6o/j,Haa: cHMnjiHij,HajibHaH npo-p-rpynna X. Tor^a roMOMop4)H3MM rpaneil 
H BbipojKfleHHfl B X HHflyii;HpyiOT KoppeKTHO-onpeflejieHHbie roMOMop4)H3Mi>i rpaneii h Bbipoacfle- 
HHa B j^^f^x) ' m'^+^x) ' "^^^ caMbiM onpe^ejiflfl CTpyKTypbi CHMnjiHn;Hajii>Hi>ix rpynn. Kax H3BecTH0 
[7], roMOMop4)H3Mbi rpynn HHflyii;HpyiOT roMOMop4)H3Mi>i cooTBeTCTByiomHX nonojiHenHbix rpynno- 

BL.IX Kojien;. Tor^^a mojkho nocxpoHTb CHMnjiHn;HajibHoe rpynnoBoe KOjibri;o c onepaxopaMH rpaneii n 

BbipOJK^eHHa, HnflyiI,HpOBannBIMH COOTBeTCTByiOILI,HMH rOMOMOp4)H3MaMH HCXOflnOH CHMnjIHn,HajIb- 

noH rpynnbi. B nameM pacnopflacennn OKasBiBaiOTca npoKonennbie CHMnjiHii;Hajii>ni>ie Fp-ajire6pi>i 
Fp[[X]]/A"(X) H ^^+1^) ■ EcjiH X - CBo6oflnafl CHMnjiHn;Hajii>naa npo-p-pe30JibBenTa npo-p-rpynnbi 
G, TO B03nHKaiOT ayrMenTHpoBanntie CHMnjiHn;Hajii>nbie oSiieKTbi ^"^^-^ m^{g) ^ ^ 
Fp[[G]]/A"^(G), a TaKHce aGejieBbi CHMnjiHn,Hajii>ni>ie npo-p-rpynnbi SKcnonenTbi p>0: "^"^^^ ^ 



Mn+l(X) 

"^\(^Q^ ^ A"+i(x) ~^ A'^+^G) ^ npoKonennbie rpa^ynpoBannbie oOTjeKTbi. 

B paSoTe [1 1] Sbiji paccMOTpen Bonpoc o cyni,ecTBOBanHH dopteKTHBnoro roMOMop4)H3Ma h3 npo- 
p-rpynnti c cooTnomenneM, flBji5noni,HMCfl npoH3BeflenHeM KOMMyTaTopoB n CTenenen o6pa3yion];Hx, 
B CBoGoflnbie npo-p-rpynnt.i KOHennoro panra. 

HycTb G - KOHCHHonopoacflennaa npo-p-rpyiiiia; BnyTpennnM npo-p-panroM Irp{G) rpyiiiibi G 
nasoBCM MaKCHMyjvi panroB CBo6oflnbix npo-p-i pyiiii, aBjiaioni,Hxcfl 3nHMop4)nbiMH o6pa3aMH G. ^Jia 
sjieMenTa r CBoSoflnoii npo-p-rpynnbi F Konennoro panra nojioacHM Irp{r,F) — Irp{F/R), r^e R - 
nopojKflennbiH r nopMajibnbin ^ejiHTejib F. B flajibnenmeM Sy^eM nncaTb Irp{r) BMecTO Irp{r,F). 

TeopeMa 5.2. [11] nycmb F - ceoSodnan npo-p-spynna pama n=2k+m co ceo6odHou 6a30u 
{xi, ...,Xk,yi, ...,yk, zi, ...z^}; t = [xi,yi]...[xk,yk]zi^ ...z^, ede k ^ 0, m ^ 0,0 ai e pZp Oam 
i = 1, m. Tosda Irpit) = [n/2]. 

Hcnojibsya iipocTenniHe cboPlctbsl 4)HjibTpan,HH LI,acceHxayca cHMiijiHi],HajibHOH iipo-p-rpyiiiibi n 
sjieMenTapnbie Mexoflbi jinnennon ajireSpbi, noKajKeM, cjie^yfl H^eflM [62], Kax CHMnjiHn,Hajibnbie 
MeTOflbi MoryT 6biTb npnivienenbi k nccjieflOBannio 3aflanH cymecTBOBanHfl 3nHMop4)H3Ma Konenno- 
nopojK^^ennoH npo-p-rpynnbi G na CBoSoflnyio npo-p-rpynny 3aflannoro panra, b nacTnocTH, boc- 
npoHSBe^eM psjx pesyjibTaxoB [11]. 

HycTb G - npo-p-rpynna c oflnnM cooxHomeHHeM G = {xi, ...,Xn\r = 1}; 6yfl,eM cnnxaxb, nxo 
r ^ FP[F, F], x.K. B npoxHBnoM cjiynae, corjiacno [61], ero Moacno BbiSpaxb b KanecxBe o6pa3yion],ero 
G. 06o3naHHM F{m) — F(yi, ...ym)- IIpeflnojioJKHM, nxo cyn];ecxByex crop'beKXHBnbin roMOMop4)H3M 
if : G F{m), TorjiSi b cooxBexcxBnn c xeopeMon 2.5 sxox roMOMopcJ^nsM Hn;];yii;Hpyex neKoxopbiii 
roMOMop(j3H3M (p CHMiijiHLi,HajibHOH pesojibBeHTbi X ^ G B CHMnjiiiLi,HajibHyio pesojibBenxy G{F) 
CBoGoflnoH npo-p-rpyniibi F{m), b KanecxBe Koxopon mojkho BbiGpaxb iiocxoannyio cnMnjinn,Hajibnyio 
rpynny F{m). 
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4 



F(n)* < p> 



F{n) 



G 



(1) 



id 



id 



id 



id 



^ F{m) ^ F{m) 



TaK KaK F{m) - CBoSoflnaa npo-p-rpynna, to mojkho nocTpoHTb peTpaKi];Hio ijj : F — > G, T.e. 
TaKoii roMOMop4)H3M ijj CBoSoflHOH npo-p-rpynnbi F b G, hto (poijj — idp- T.k. X - accJjepHHHafl chm- 
njiHi^HajibHaa npo-p-rpynna, to ip npo^^ojiJKaeTCH roMOMopcJinsMa CHMnjiHn;HajibnL.ix npo-p-rpynn 
ip : C{F) — )■ X. OTKy/],a no TeopeMe 2.5 nojiynaeM neKOTopBin roMOMopcjDHSM (poip : C{F) — > C{F), 
KOTopbiil roMOTonen TOJKflecTBennoMy roMOMop(J)H3My C{F), T.e. (foijj = idc(F)-^o C{F) - nocToan- 
Haa npo-p-rpynna, nosTOMy KOMno3Hn,H5i (foijj npocTO coBnafleT c ToacflecTBeHHbiM roMOMop4)H3MOM, 
T.e. o ~ idc{F)- T.K. C{F) - nocTOAHHafl npo-p-rpynna, to <^i(p) = 1 b 1. Bjioacenne CBoSo^non 
npo-p-rpynnti F{n) b CBoe rpynnoBoe KOJiBn;o ¥{n) — )■ Fp[[F(n]] ^aeT B03MOJKnocTi. onpe^ejiHTb 
CHMnjiHn;Hajii>ni>iH roMOMop4)H3M CHMnjiHn,Hajii>Hi>ix rpynnoBbix KOJien; 
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4 



^W,[[F{n) * (p)]] — F,[[F(n)]] -^¥,[[G]] 



[¥,[[F{m)]] 



id 



<P0 



(2) 



■¥,[[F{m)]]^¥, 



F]] 



Hpe^nojioacnM, hto 1 — r G A*^/A'^+-^, r^e r = d\{p), Tor^a 1 — r — X^On.. .1^.(1 — — 
Xi^) mod A^+^. PaccMOTpHM CHMnjiHn;Hajii>Hbie Fp-BeKTopnt.ie npocTpancTBa ^"^+1^) h /v^+^^ciF)) ■ 
HanoMnnM [7], hto nonojinennoe rpynnoBoe KOjibn;o Fp[[F]] CBo6o;j,Hon npo-p-rpynnbi mojkct Gmtb 
OTOJKflecTBjieno c ajireGpon 4)opMajit>nt>ix CTenennbix pa^oB Fp(n) ot n nesaBncHMbix iiepeMennbix 
(nonojinennaa TeH3opHafl ajireSpa n - Mepnoro Fp-BexTopnoro npocTpancTBa) . OTOJKflecTBjienne 
CTpoHTCfl nyTeM npoflOJiacenna cooTBeTCTBHs Xi i-> Si — l,i — l,...,n, r^e Si - o6pa3yioni,He F, 
flo H30Mop4)H3Ma ¥p{n) ~ Fp[[F]]. 06o3nanHM nepe3 / ayrMenTan;HonnbiH H^eaji Fp(n), KOTopbin 
cooTBeTCTByeT Hfleajiy A. 



2; /''(Fp(n+1)) 
5^ /fc+HFpCn+l)) 



dl 



5 7'=+i(F(m)) 



id 



j''(F(m)) 
/'=+i(F(m)) 



7^ 



(3) 



ByfleM oTOJKflecTBjiaTb /'^/j'^+i c BeKTopnbiM Fp-npocrpancTBOM c 6a3HCOM Xij^(S> ■■■<S> Xi,,. HycTb 
dl{p) — In d\{p) — r, Tor^a b noBbix KOop^nnaTax d\{l — p) — ^ di^.^k^ii ® ... <S>Xii^ — 'r){xi, x„). 

T.K. (fl{l — p) — 0, TO 

ri{(fii{xi),...,ifii{xn)) ^0 (4) 

PaajioacHM (pi{xi) B 6a3Hce yj (^i(xi) = X^jLi%%i ^ = l,---?^- Cyn^ecTBOBanne peTpaKn;HH 
nosBOjiHCT yTBep>K;];aTb, hto rank{B) = m, rpp B = {hij). Bes orpannnenna o6io;nocTn Moacno 
cnHTaTb, nTO B HMeeT smejionnyio cJ^opMy. 3Toro Moacno floGnTbca nyTeM yMnoJKenna B cjieba na 
oSpaTHMyro MaTpHn,y C pa3Mepa m x m. HTaK, neoGxoflHMbiM ycjiOBneivi cyni,ecTBOBaHHa ciopijeK- 
THBHoro roMOMop4)H3Ma G na CBoSoflnyio rpynny panra m sBjiaeTca TpeSoBanne, mto fljia 4)opMbi 
T), onpeflejiennoii b 4, cyn],ecTByeT MaTpHn;a B — (bij) nafl Fp paaiviepa n x m n panra m, hto 
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viY^^LibiiVj: -^Y^J^ibnjyj) = 0. T.e. T.n^..Sk^ii...ikKh--K3kyh ® - ® Vjk = 0> T.e. fljia jiioSoro 
HaSopa e [l,m] 

^ ] ^h-ikbiiji---bikjk ~ (^) 

•ti...U.e[l,n] 

riycTb rpynna G HMeex iipe^cxaBjieHHe P = {xi, ...,Xn ■ x\...x'^ = 1}, e = p^. 

YHHTbiBafl, HTO xapaKiepHCTHKa p > 0, HMeeM pasjioJKeHne 1 — f = l — (1 — XiY...{l — XnY — 
l — {l—x\)...{l—x^ — (xf + mod P'^^. TaKHM oSpaaoM, 4)opMa 77 HMeeT see KoscJxJjHi^neHTM 

HyjieBbie, KpoMe Tex, b KOTopbix Bce HHfleKCti ii, ...ik OflnnaKOBbie, b stom cjiynae K034)4)Hi];HeHTBi 
paBHbi e;];HHHii;e. Ecjih B = (bij) - n x m-MaTpHii;a smejioHHofl 4)opML.i, h mbi BOSBMeM naSop h3 k 
HHfleKcoB ji, = s, s, s, ...s, t B 5, TO Mbi nojiyHHM, HTo fljia Bcex s, t e [1, m] 

n 

J2bt7'bu = 0. (6) 

i=l 

PaccMOTpHM MaTpHii,y C = (csi), B KOTopoii Csi = b^7^, OHa nojiynaeTCH h3 MaTpHii,bi B Tpancno- 
HHpoBaHHeM, T.K. B - smejiOHHafl MaTpHn;a, to C HMeeT tot ace panr m. Tor^a paBencTBO 6 osHanaeT, 

HTO 

C-B^O. (7) 

T.K. dimpp Ker C — n — m, a dimpp Im B — m, to h3 7 cjie^yeT, hto m ^ n — m ^ m ^ n/2. 

MojKHo oTo6pa3HTb HeHeTHbie oGpaayiomHe b caMHx ce6s, a neTHbie oGpasyiomHe b o6paTHL.ie k 
npeflbiflymHM hm HeneTHbiM (ecjiH nocjieflHHH oKaaceTca HeneTHbiM, to oh OToSpasHTca b eflHHHii,y 
rpynnbi). TaKoe nocTpoenne onpe^ejiseT peTpaKii;Hio G na CBoGoflnyio nofli pyimy panra (n — l)/2 
HjiH n/2 B aaBHCHMOCTH OT Toro, KaKoe H3 3THX HHceji ii,ejioe. T.e. Irp{G) — \n/2\. 

Cjie^ya [62], nocTpoHM npHMep npo-p-rpynnbi c oahhm cooTHomeHHeM, hs KOTopoii ne cyii],e- 
CTByeT ciopT-eKTHBHoro roMOMop(|)H3Ma Ha CBO^ojxRyio Hpo-p-rpynny panra 2. 3tot npHMep yace ne 
noKpbiBacTCH TeopeMOH 5.2 h /j,pyrHMH pcsyjibTaTaMH [10]. 

J\jiii sa^aHHoro n nycTb {ajj}, 1 ^ i < j ^ n - 3to "'■"^"'''^ nonapno pasjiHHHbix CTeneneil ^boh- 
KH. riycTb c - 3T0 CTeneHb abohkh, KOTopaa no KpaHHeii Mepe ne Menbine, neivi Kaacflaa h3 a^j. 
OnpeflejiHM eij — c/aij. PaccMOTpHM cooTHomeHHe r(a:i, x„) = Y\i<j[^T^ i^^^^Y''^ i mm npe^no- 
jiaraeM, hto a;i,...,a;„ cTporo ynopaflOHenbi. HycTb npo-2-rpynna G HMeeT npeflCTaBjienHe G = 
{xi, ...,Xn\r{xi, ...Xn) = 1}. KaK H B Hpe^^bi^^ymeM npHMepe paccMOTpHM CBo6o;];Hyio CHMHjiHn;Hajib- 
Hyio peaojibBeHTy G ii cooTBeTCTByiomHil BapnaHT c nonojiHeHHbiMH rpyiiiioBbiMH KOjibn,aMH. 3aMe- 

THM, HTO r{Xi, ...Xn) = Ylii<j{^'i' '^^7' ^"i'^^' P"'^^ ■ 0603HaHHM r]{Xi, X„) = ^ j<j f (8) 

Ecjih 6bi cyni,ecTBOBajia peTpaKn;Hfl F(2) — > G F{2), mm Sm nojiynnjin MaTpHii,y B — (bij) 
pasMepa n x 2, KOTopaa 6m HMejia panr 2, npn stom 

riibuu + bi2V, bniu + 6n2^) = 0, (8) 
r^e u,v - o6pa3yioii];He F{2). ^ajibHeiiniHe noflpoSnocTH h BbiHHCJieHHfl b [62]. 

6. CneKTpa/ibHa5i noc/ieAOBare/ibHOCTb. 

B cBoeii paGoTe [39] Kan nocTpoHji ajireGpaHnecKyio MO^ejib (cHMnjiHn;HajibHbie rpynnbi) fljia 
Teopnn roMOTonnii, hto nosBOJinjio ncnojibsoBaTb pasjinnnbie TeopeTHKO-rpynnoBbie MeTOflM fljia 
flajibnenniHx nccjieflOBannn. KepTHC noxaaaji [25], hto 4)HjibTpan,H5i c noMon],bio nnacnero n,enTpajib- 

Horo psjia npHBOZi;HT k CHexTpajibHofl Hocjie;];oBaTejibHOCTH, KOTopaa cxojxhtcs k roMOTOHHHecKHM 
rpynnaM cHMiijiHii,HajibnoH rpynnbi. CnycTs KopoTKoe BpeMs PeKTop [58] paccMOTpeji 4)HjibTpan,Hio 
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D^accenxayaa, KOTopaa npneejia k mod-p sepcHH cneKTpajibHoli nocjieflOsaTejibHOCTH KepxHca, cxo- 
^^HmeHCH K 4)aKTopaM roMOTonHHecKHX rpynn CHMnjiHi^HajibHoii rpynnti no Mopyjim no;];rpynnt>i 
3jieMeHTOB, nopa^KH KOToptix BsaHMHonpocTM c p. HaKOHeu,, B paSoTe [19] 6t>ijio flOKaaano, hto 
cnexTpajibHafl nocjie/j,OBaTejii>HOCTi> Kepraca-PeKTopa {E'',X,d''x} b pH/j,e cjiynaeB coBnaflaeT npn 
i ^ 2 CO cneKTpajiBHOH nocjieflOBaTejiBHOCTbio AflaMca, cm. TaKsce [14]. 

HocTpoeHHe cneKTpajibHoii nocjieflOsaTejiBHocTH nponsBOflHTca cjieflyiomHM oSpasoM. HycTb Y 
- o;];HOCBH3Hoe CHMnjiHii;HajibHoe MHoacecTBO. IIpHMeHHJi 4)yHKTop Kana F, nojiyHHM CBo6o;];Hyio 
CHMnjiHii,Hajit>Hyio rpynny X = FY. (l>HjibTpaij,HH LI,acceHxayca h HHJKHero ri,eHTpajit>Horo pa^a flaiox 
KopoTKHe TOHHbie HOCJieflOBaTejiBHOCTH CHMnjiHii,HajibHbix rpynn 

1 ^ Mn+l{X) Mn{X) Mn{X)/Mn+i{X) ^ 1, 
1 ^ 7n+l(^) ^ ln{X) ^ 7n(^)/7n+l(^) ^ 1 

3th nocjie;];oBaTejibHOCTH onpe;];ejiHioT ^^jinnnbie Tonnbie nocjie;];oBaTejibHOCTH roMOTonnnecKHX rpynn, 
KOTopbie ^aioT TOHHBie 6nrpaflyHpoBaHHbie iiapbi. KaK mm yjKe OTMenajm, hmciot mccto 

TeopeMa 6.1. [25] Ffycnib K - censHoe, odnoceHSHoe cuMnAuv,uaAt>Hoe MHOcncecmeo, G = FK - 
620 KOHcmpyK%UH Kana, Komopan Me/iAemcA no nocmpoeHuto c6o6odHou cuMnjiuv,uajit>Hou epynnou. 
Tosda cneKmpaji'bHaA nocjiedoeame/ibHocm'b E{G) cxodumcM k E°°{G) — ©^^o-E'^; spadyupoeanHou 
spynne, accoxj^uupoeaHHOu c ^ujibmpav,ueu Trq{FK) — Tr^+idi^l). Fpynnu E^{K) AejiAwmcA somo- 
AOSUHecKUMU UHeapuawmaMU K . 

TeopeMa 6.2. [58] Flycmt K - cesisHoe u odnocesisHoe cuMnAuv^uaAtHoe MHOCHcecmeo, G = FK. 
Toeda E'^{G,Wp) cAa6o cxodumc.fi k E°°{G,¥p) = ©r^o-^^g? gpadyupoeauHou epynne, accov^uupoeaH- 
Hou c (fiuAhmpav;aeu na TTq^FK) = 'Kq^i{\K\) no ModyAW nodspynnu aAeMenmoe kohchhoso nopfidna 
63auMHonpocmo30 c p. 

HanoMHHM CTanflapTHbie nocTpoenna [9, 12], CBflsannbie c TonnbiMn napaMH. 

Onpe^ejieHHe 22. Tonnafi napa T - amo napa {D, E) ModyAcu eMccme c mpcMA Mop^uaMOMU 
i,j,k maKUMU, nmo UMcem Mecmo moHHUu mpeysoAbuuK 

T : D 



E 



Onpe/i,ejieHHe 23. (FIpouaeodnaH napa). KoMno3uii,usi j o k : E — > E ydoeAcmeopsiem moMcde- 
cmey (j o k){j o k) = j{kj)k = 0, m.e. mu mochccm odpasoearuh ModyAh H{E) = ^^1^^- 
IIocmpouM mpeyzoAhuuK 

Ti : i{D) ^i{D) , 







H{E) 

r^e - 3T0 orpannnenHe i na i{D), a n k^ aaflanbi j^{i{d)) — [j(c?)], /c^([e]) = k{e). SaMCTHM, 
HTO KoppeKTHO onpe^^ejieHO, t.k. i{d) = Bjienex, hto p^jis nexoToporo e ^ E cyn];ecTByeT d, = k{e) 
H j{d) = jk{e) - rpamma. AnajiornHHO, k^ KoppexTHO onpe^ejieno, t.k. ecjin paccMoxpeTb e" = 
e + jk{e), TO k{jk{e)) = kj{k{e)) = 0. /],HarpaMHbiH noncK flacT, hto T-*- Toace Tonnaa napa. 

HTepan;Hfl npon,ecca nojiynennfl Tonnbix nap npnBOflHT k r-on nponsBOflnoii nape T'' ot T 
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D"- = i'-{D),E'- = HiE"--^), h k^"-^ HHfly^HpoBaHM i h A;, xax : ^ 

PaccMoxpHM no;];po6Hee ycxpoficxBO ^^HcJicJiepeHi^Hajia (i^. Ho onpe^^ejieHHio = j^k^ = jk : 
— > E^ nepeBOflHX d-roMOJiorHHecKHil Kjiacc [y] b (i-roMOJiorHHecKHii Kjiacc r^e x xaKoii sjieMCHX 

H3 D, Hxo i{x) — k{y) h x cymecxByex, nocKOJiBKy y aBjiaexcfl ii,hkjiom j{k{y)) = 0. /],H4)4)epeHij,Haji 
d'^ onpeflejien na E'^ — H{E^,d^), npHHeM d^[y\ — 0, r^e [y] e E^, xor^a = j'^k'^ nepeBO^Hx 
^-'--roMOJiorHHecKHH Kjiacc [[y]] G i?^ b - roMOJiorHHecKHii Kjiacc r^e x - xaKoii sjieivieHx 

Mojx^jiii D^, HTO i^{x) = k^[y]. TaKHM o6pa30M, = = j{i)~^k npn ycjioBHH, hxo 

nepBaa nacxt 4)opMyjit>i onpeflejiena. AHajiorniHo noKasbiBaexca, hto /],H(j3(jDepeHii,Haji d^ mojkho 
paccMaxpHBaxb, xax oxoSpaaceHHe, onepeflejienHoe xaM, r^e o6a flH(J)(J)epeHii;Hajia d^ h d^ paBHbi 
HyjiK), H Bi>ipajKaioiii,eecfl 4)opMyjiOH d^ — j^{i^)~^{i^)'^k^ — j{i)''^k. 

^H4)4)epeHi];Haji onpe^ejieH xaM, r^e flH4)4)epeHii,Hajii>i d, ...d^"^ paBHbi nyjiio, h BbipajKaexca 

4)0pMyjI0H 



n ^ 1 = j{i)-^''-^^k. (1) 



npefljio^KeHHe 17. [9j H{E) = u 6oAee o6w,o E"- = f^, ade Z'' = k'^fD) u B"- ^ 



j(Ker(20). 

HycxB xeiiepb X - cHMiijiHij,Hajit>HaH iipo-p-rpynna. C sxoro Mecxa Hac 5yflex HHxepecoBaxB xojib- 
KO mod-p BapnaHx cneKxpajiBHon nocjieflOBaxejitHOCXH. PaccMOxpHM xoHHbie nocjieflOBaxejitHOCXH 
CHMnjiHi^HajiBHbix rpynn 1 — > M.n{X) / M.n+i{X) — >■ X/M.n+i{X) — >■ X/M.n{X) — >■ 1, Koxoptie 
flaiox fljiHHHbie xoHHbie nocjieflOBaxejiBHOCxn roMOxonHnecKHx rpynn 

... ^ 7r,+i(X/A^„(X)) ^ 7,,{Mn{X)/Mn+i{X)) 7i,{X/Mn+i{X)) 7r,(X/7W„(X)) ^ ... 

TaKHe /],jmHHbic TOHHbie iiocjie^OBaTejibHOCTH oiipc/],ejiHiOT, cm. [16, 12, 9], rpa^ynpoBannbie xoh- 
Hbie iiapbi, KOToptie HecKOJiBKO OTjiHHaioTCH OT paccMaxpHBaeMbix b [58, 25, 14] 

(MrXX)_\ , _ ( X 

npn 3X0M 

klm-Eim^D' degA;i = (l,0), 



n+l,m 



:^n+l,n.^<.n deg = (-1, 0), 



3n,m ■■ Km ^ Km-1 deg = (0, -1). 

H3 1 acno, hxo degd'" = (r,-l); : i;;^(X) ^ £;;+,,^_i(X), r ^ 1, no degi^ = (-1,0), x.k. 
^{y") _ npocxo orpannnenne i na i'^~^{D). Ocxaexca nonaxb, Kaxne cxeiienH k^^^ ii ho k^'^^ 
npocxo coBna;];aex c fc, no3XOMy ero cxenenb n 6yflex cxeneHbio /c, x.e. degj*-''^ = (1,0). Tciiepb 
MM MOJKeM BbiHHCJiHTb degj*^''-', X.K. deg rf'^'') = degj'*^'"'' + degk'^^'^ =^ (r, — 1) = degj*^'') + (1,0) =^ 
degj*^''^ = (r, — 1) — (1,0) = (r — 1,-1). B xanecxBe npHMepa paccMoxpHM cjiynail, Kor^a r = 2, 

xor^a rf2 „ : El+2,m-i'^ dim no cyxn coBua^aex c ~ j(0"^^> T.e. tt^ (^^^^^) 

„ f x '] „ ( X \ K ^ ( Mn+2{X) \ 

EcjiH paccMOTpexb 4)HjibTpau,HK) CBo6o/j,HOH PHA Fp[[X]] CTeiieHSMH ayrMenxaii;Honnoro nfleajia, 

XO anajIOrHHHblM 05pa30M BOSHHKaiOT /J,JIHHHbIC TOHHbIC HOCJie^OBaxejIbHOCTH 

... ^ 7r,+i(F,[[X]])/A'^(X)) ^ 7r,(A'^(X)/A'^+^(X)) ^ 7r,(F,[[X]]/A'^+^(X)) ^ 7r,(F,[[X]]/A'^(X)) ^ .. 
Hm cooxBexcxByiox cneKxpajibnbie nocjieflOBaxejiBnocxn c flH4)4)epenn,HajiaMH Gncxenenn (r, — 1) 
EimiX) = 7:m{^-{X)/A-^\X)), d^ : ^;„(X) ^ ^;+,,^_i(X) 
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EcTecTBeHHbie roMOMop4)H3MM X H- 1 — a; e X„, n ^ HH^yi^HpyiOT mop4)H3m cneKTpajibHbix 
nocjie;];oBaTejibHOCTeH, cm. [35, CTp.166] /t* : E{X) — > E{X). 

^ajiee nac 6y^eT HHTepecoBaxb cjiynaii, Kor^a X - CBo6o^Haa cHMjiHii,Hajit>Haa npo-p-rpynna, 
HanpHMep, cBo5o/j,Ha3 CHMnjiHi^HajibHaa peaojitBeHTa npo-p-rpynnbi G. 

TeopeMa 6.3. Uycm'b X - ceoSodnaA cuMnjiuv,uajibHaA npo-p-spynna. 06o3HaHUM X mod-p- 
a6ejiuaHU3av,un) X, mosda ^UAhmpaxj^uu I^accenxayaa c6o6odHou cuMnjiuv,uaji'bHou npo-p-spynnu 
u cmenensiMU ay2MeHmauuoHHOzo udeaAa ee nonoAueHHOso spynnoeogo KOAhv^a npueodfim k cneK- 
mpaAhHUM nocAedoeameAhHocmnM npoKoneuHux eenmopHux npocmpaHcme : 

(^)Kjn = ^m{Cn{X)),El^^ = 7r„i(r„(X)), 6 HacmHocmu, = CnHo{X), Elo = TnHo{X); 

El^m — Ei^rn — Hm{X) 

(ii)uHdyv,upo6aHHUu omo6paofceHueM x i-)- 1—x Mop^usM k\q : EI^q{X) — >■ EI^q{X)- uHTieKmueen. 

(iti)E^, = E^o = J^n{no{X)), E^, = E^, = grr,W,[[no{X)]] ' 

/^OKasaTejiBCTBO. 

(i) onHcaHHe ii'^^^ i!/,^^ ^ yace 6bijio iiojiy^eno b xeopeMe 5.1 BBH^y CBo6o^bi X. T.k. ^ — 

YY^ Xm, TO lipOKOHeHHBie BapHaHTBI SKBHBajieHTHOCTeil /lojIb^a-KaHa (b TOM CMblCJie, HTO rOMOJIOrHH 

KOMnjieKca Mypa cHMnjiHn,HajibHOH a6ejieBOH npo-p-rpynn Xm coBnaflaioT c roMOJiornaMH sToil 
jKe rpynnbi, paccMaTpHBaeMOH, xax i^enHoii KOMnjieKC c flH4)4)epeHii,HajiaMH dm — Yl^oi~^y^T) ^ 
3HjieH6epra-3Hjib6epa [44, §29] (flOKaaaTejiBCTBa nojiyHaiOTCfl pasjioaceHneM cHMiuiimHajibHoii npo- 
p-rpynnbi b npoeKTHBHbiii npe^eji KOHenHbix p-rpynn X — ^mX^, Tor^a 11"^ — -'^a"' OTKy- 

fla ri"^ — X^^, BMecTe ^aiOT, hto HopMajiH30BaHHi>iH KOMnjieKC aSejieBbix npo-p-rpynn ... ^"""""S 

A"+i(x ) — ^ A-^+^ix — I) ^ ■■■ ^ flH(p(pepeHn;HajiaMH dm — z^i=o[~^) d" roMOTonnHecKn sk- 

BHBajienTen n-KparaoMy TensopnoMy nponsBe^eHHio KOMnjiexcoB X r^e flH4)4)epenn;Ha- 

jibi dm onpeflejifliOTca nnflyKTHBHO. T.e., ecjin d aa^an na (n — l)-TeH3opHOM nponsBeflennn, to 
onpeflejiHM d na n-TensopnoM nponsBeflenHH no 4)opMyjie d{x<^y) — d{x)<S>y + (— 

nacTHocTH, 3TO nosBOJisBT Hcno.jib30BaTb (|)opMyjiy KioHHeTa fljia bbi- 
HHCJiennfl roMOJiornii KOMnjieKca /^+i^x) ■ A^Jie®, ttq — T^oi^ni^)) — ^niT^oi^)), t.k. 

4)yHKTop £ coxpaHHeT KoypaBHHTejin. Anajiornnno, t.k. 4)yHKTop T coxpanaeT KoypaBnnTejin, to 
^0 (^^) = ^o(T„(X)) = T„(7ro(X)). 

(ii) npe;];cTaBHM X = l\mX\, rj^e X\ - KoneHKbie CHMnjiHi^najibHbie p-rpynnbi, Torj^a h Fp[X] = 
\Xx] . Ho TeopeMe KBHjijiCHa [57] ^jih Kaacflon rpynnti Xx hmcct mccto h30mop4)h3m U{grX\) = 

gr¥p[Xx]- BBn^y TeopeMbi HyaHKape-BHpKrocjDa-BHTTa HMeeM Bjioacenne grXx U{grXx)- T.k. 
4)yHKTop Tonen b KaTeropnn npoKOHennbix npocTpancTB, to grX ^ gr¥p[[X]\, no 4)ynKTop U 
coxpaHHCT KoypaBnHTejiH, OTKy^a n cjie^yeT yTBepac^enne. 
(iii) 
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T.K. cneKTpajibHaa nocjie;];oBaTejii>HOCTi> SHperyjiapna, to E^q — E^q, npHMenjiH npefljiojKeHne 
17, HMeeM E^, = E^^, = ^-^g^, j(Keri-) = j (vn (^)) , t.k. : tt^ (^) ^ tti (f ) = 0, 

A;~''^(Imi"') = ^ttq ^^(x) )) ~ ( ^^+1^) ) ' npHCMOTpeBniHCb k HHacneii CTpoxe flnarpaM- 

MB,, no.y,aeM = 9^ ^ Mko ^ Ker (.„ (^) ^ (^)) 

OyHKTop r„ : X — >■ ^"^^^ coxpanaeT KoypasHHTejiH, cjieflOsaTejibHO 7ro(-r„(X) = r'„(7ro(X))) =^ 
Ker (^0 -> ^0 ^ Ker(r„+,(7ro(X)) ^ r„(7ro(X))) - AnajiorHH- 

„^ poo _ A Fp[W] \ . ^ ^ Krr T ^o(Pp[Wl) v M^pim]) \ ^ir ir (¥ \\X]]\ 

HO, ^n,Q - -l^er (^TTo ) ^ ^0 j ^ - Ker A»+i^o{Fp[[X]]) A"7ro(Fp[[X]]) j - ^^nVro(^tfp[[AJJj, 

HO 4)yHKTop nonojiHeHHOH rpynnoBoii ajire6pt>i coxpanaeT KoypaBHHTejiH, oTxy^a 5'r„7ro(Fp[[X]]) = 
grn¥p[[7ro{X)]]M _ 

^jia BMHHCJieHHfl E^ ,^ MoaceT GbiTb npHMenena 4)opMyjia KiOHHeTa = '^i+j=m ^n-i,j®^\,j- 

OTKyfla, HanpHMep, E^^ ^ ^ 7ri(X§X) ^ E^+,=i W§7r,-(Z) ^ (7ro(X)§7ri(Z)) 

(7ri(X)(8)7ro(X)). C yneTOM pesyjibTaTOB rjiaBbi o npoHSBOflHbix (|)yHKTopax 

^n,m(G)= Ei_,^,®Elj= = //,,+i(G)®...gif,„+i(G) (2) 

?+j=m ji+...+in="i n+...+i„=m 

HycTb X - cBoGoflHaa cHMiijiHLi,Hajit>Haa npo-p-pesojibBCHTa iipo-p-rpyiiiit>i G. T.k. F^WG Toace 
CBoGoflHaa CHMnjiHii,HajibHafl npo-p-peaojiBBeHTa iipo-p-rpynnbi G, c yneTOM CHMnjiHi^najiBHOH roMO- 
TonHHecKOH SKBHBajieHTHOCTH pesojiBBeHT nojiynaeM h30mop4)H3m cooTBeTCTByioiii,Hx cneKTpajiBHbix 
nocjieflOBaTejiBHOCTeii. CjieflOBaTejitHO, ^jih HsynenHH cbohctb E{X) ;];ocTaTOHHO paccMaTpHBaTb 
cneKTpajiBHyio nocjie;];oBaTejibHOCTb jiJis E{rPWG). PasjiojKHB WG = l^WGx b npoeKTHBHbm 
ripefleji KonenHbix CHMnjiHLi,Ha,;ibHbix iipocTpancTB, nojiynaeM cxo/],HMOCTb cneKTpajibHoil iiocjie^oBa- 
TejibHOCTH fljia cooTBeTCTByiomHx CBo6o/j,Hbix /j,HCKpeTHMx cHMnjiHii,Hajii>Hbix rpynn rWG\ [20], [25, 
§ 9], [64, ch.l3]. Hepexofl k npo-p-nonojineHHio BBH^y KoneHHonopoacfleHHOCTH ne MenaeT cnexTpajib- 
Hyio nocjie^oBaTejibHocTb. AnajiorHnHbiM o6pa30M moxcho paSoTaTb co cnexTpajibHofi nocjie^OBa- 
TejibHocTbK) E{r^WG) J11060H cHMnjiHn;HajibHOH npo-p-rpynnbi G. Hepexoflfl k npoexTHBHOMy 
npeflejiy no A, iiojiynaeM cjie^yiomee yTBep>K;];eHHe 

npe/],Jio>KeHHe 18 (Cxo/],HMOCTfa h caMono>KHpaHHe) . Uycmh X - ceoCodnaH cumuauv^u- 
aAhHttH npo-p-pe30At>eeHma npo-p-zpynnu G, mozda El^{X) ^ 7im{G){= 0), E^^ .^{X) ^ Hjn{X) (= 
0), m > 0. 

riycTb G - CHMnjiHii,HajibHaa npo-p-rpynna, g'rFp[[G'i]] aBjiaeTca PHA fljia i > 0, Tor^a g'rFp[[G]] = 
0^>g 5frFp[[G'j]] c flH(|)(|)epeHi];HajiOM = X]i>o(~-'-)'^F sBjiaeTca flHcJxJjepeHi^HajibHoii PHA b cmbic- 
jie [21, §3]. T.K. ;];H4)4)epeHii;Haji yBaacaeT 4)HjibTpan;Hio, nojiynaeivi cneKTpajiBHyio nocjieflOBaTejib- 
HOCTb ajire6p Xoii4)a [21, §3]. 

npefljio:a<;eHHe 19 (CxpyKxypa /],H4)4)epeHu,HajibHOH ajire6pbi Xoncjia). Ilycmh X- cum- 
UAUViUaA'bHaA npo-p-spynna, mosda E^{X), r ^ 1 - npoKOHCHHue UAseSpu Xon^a, cmpyKmypa qa- 
2e6pu Xon^a na E^'^^{X) noAyHaemcA U3 E^{X). 

HycTb G - CHMnjiHn;HajibHaa npo-p-rpynna, Tor;];a G npe^cTaBHMa b bh^c npoeKTHBHoro npe^ejia 
KOHeHHbix p-rpynn G = \^Gx, OTKy^^a WG = I^WGx- KaK n panee, TpWG ^]^TpWGx. 
Ka>Kfloro A hmcct mccto KOMMyTaTHBnaa ^narpaMMa: 

TTgiWGx) ^ Hg{WGx, ¥p) 



7r,.i{M2{TPWGx)) ^n,.,{TPWGx)^7r,.i ( ^'^^^ 



M2{rPWGx) 



36 



riepexoflfl K npoeKTHBHOMy npe^ejiy no A, nojiynaeM Hg{WG, ¥p) = 7rg_i (^j^^^M^^ . 

npe;];jioaceHHe 20 (EcTecTBeHHocTb ;];H4)(J)epeHii;Hajia ). [25, TeopeMa 9.4] 
Ilycm'b G - cuMnjiuv,uaji'bHaH npo-p-spynna, El^{X) - cneKmpa/ibHaji nocAedoeameAhHocmh ee 
KO(f)u6paHmHou saueHU. Uycmh dAH HCKomoposo x G El,^{X) umccm d-^lx) = '^Xi(S)Xj. Tosda du(fi- 
(f)epeHii,uaA coenadaem c KoyMHOCHcenueM e somoaosuhx KAaccu(f)uu,upymm,e20 npocmpaHcmea WG, 
m.e. A*(,t) = 2de x,Xi,Xj G Hq{WG,¥p) coomeemcmeymm aAeMenmaM x,Xi,Xj G 

7iq_i ^-^^^^^|p^=^ j c noMOVuhJO u30Mop(pu3Ma npedudyiu,eu duaspaMMU. HanoMHUM, umo KoyMHO- 

CHcenue e eoMOAoeujix A* : H^{WG) — > H^{WG)®H^(WG) onpedeAJiemcji duaeonaAhto A : WG 
— > WG X WG u Moofcem 6umh eupaofceno a6Ho c noMow^hw (fiopMyAU AAeKcandepa-yumHU [9, 
2A. VIII]. 9mo KoyMHOCHcenue Koaccov,uamueHO u KOKOMMymamueHO. 

ripefljioJKeHHe 20 nosBOJiaeT OTOJKflecTBHTb cneKxpajibHyio nocjieflOBaTejibHOCTb E c Cobar- 

2 

cneKTpajiBHoii nocjieflOBaTejitHOCTbio [59]. B nacTHOCTH, E Moacex 6t>iTb npeflCTaBjien c noMomtio 
flH(|)(|)epeHLi;HajibHOH roMOjioriiHCCKoii a,;ii^c6pbi b BH^e HMeeT 
CTpyKxypy cneKTpajibHoil iiocjie/j,OBaTC,;ibHOCTH MO/],yjieH na/j, ajii^eSpoii CTHHpo/j,a. 

SaMenaHHe 5. Ilycm'b G - KOHCHHan p-zpynna, mozda us CAedcmeuH 3 noAynaeM, nmo y G 
ecmb ceo6odHaH KOHeHHonopoofcdeHHOH npo-p-pesoAbeenma KoneHHoeo muna, nanpuuep ceo6odHafi 
cuMnAuv,uaA'bHaA npo-p-spynna F^WG. E{rPWG) 6ydem cneKmpaAhHou nocAedoeameAhHocmhio 
KOHCHHOMepHux ecKmopHux npocmpancme, npuneM E^^^ cxodumcH k npu m > 0, u e npov,ecce 
ceoeu "otcusHedefimeA'bHocmu " ocmaeAAem UH^opMav,uw na 2opu30HmaAhHou np.fi.Mou m — e eude 
pasMepHocmHux cfjaKmopoe spynnoeoso KOAtya ucxodnou p-epynnu E^ q = gr¥p[G]. Tym nponeAH- 
emcH acuMnmomuHecKaH censb MCMcdy zpynnauu eoMOAoeuu, ducfjcfjepenyuaAajviu cncKmpaAbHou 
nocAedoeameAbHocmu u ycAoeueu KOHeHHOcmu G, m.e. o6pu60M ii,enoHKU A"(G)/A"+^(G).. BasAA- 
HCM na peayAhmamu roAoda-IUa^apeeuHa ]4], BunSepsa ]2], Koxa ]7] c namux no3uv,uu. HanoM- 
HUM, umo 6 pa6ome ]4] 6uao noAyneHO neoSxoduMoe ycAoeue KOHeuHocmu npo-p-spynnu, sadauHou 
d{G) o6pa3ymuj,u.Mu u r{G) coomHomenuHMu r{G) > ^d{GY . Paseueafi neodnopodnue Memodu 
BuH6ep2a [2], Kox [7] noAynuA Hepaeencmeo 



n 
v=Q 

zde d - KOAUHecmeo o6pa3y'iouj,ux spynnu; Vn - KOAunecmeo coomHomenuu, Aeotcaxjuux e F^/F^-i, 
dde Em - cfjuAbmpau^uH H^accenxaysa F - ceo6odHou npo-p-spynnu c d o6pa3ywuj,uMu; Cn = X]"=o ^j^' 
2(?e bn = dim ^n+^Q^ ■, = &o = Cq = 1. Ha amoso nepaeencmea c noMoinbm acuunmomuKU 
pndoe IlyaHKape ydaemcn noAynumb saMeuameAbHuu pesyAbmam [7], ceH3ueawuj,uu zpanuu^y r{G) 
CO "cAoofCHOcmbto" coomHomenuu e KonpedcmaeAcnuu kohchhou p-spynnu 

r{G)>^{m-ir-\ (3) 

B MOHOspa^uu ]49],noc6MUJ,eHHOu npoKOHCHHOu aA3e6pauHecKou soMomonuu, Tum Uopmep cma- 
6um "mumaHUHecKym" sadauy noAyHCHUft demaAbuou UH^opMau^uu o6 omnocumeAbHOM koauhc- 

cmee uucAa o6pa3ywviJ,ux u coomHomenuu e p-spynnax eoMomonunecKUMU McmodaMu: 

"Finally we would like to raise the tantalising problem of the link between this cohomology theory and profinite presentations of 
(pro) finite groups. The powerful results of Golod and Safarevic showed that the cohomology theory of finite p-groups yields detailed 
information on the relative numbers of generators and relations needed. Now one has the additional information, is it possible to analyse 
this information yet further perhaps to give even better knowledge of the deficiency of a p-group?" 

C ynemoM eumecKasaHHOso, sadany Uopmepa mochcho "soMomonusupoeamb", nan eonpoc o6 
acuMnmomuHCCKUx ceoucmeax Cobar-cnenmpaAbHou nocAcdoeamcAbHocmu. XomcAocb 6u censamb 
Hepaeencmeo 3 u CKopocmb cxoduMocmu e dyxe meopcMU Kepmuca o cemnocmu [26, 57]. 
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